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ABSTRACT
The iterative learning control (ILC) is considered for the HammersteinWiener (HW) system, which is a cascading system consisting of a static
nonlinearity followed by a linear stochastic system and then a static nonlinearity. Except the structure, the system is unknown, but the system output is
observed with additive noise. Both the linear and nonlinear parts of the system
may be time-varying. The optimal control sequence under the tracking performance is ﬁrst characterized, which, is however, unavailable since the system
is unknown. By using the observations on system output the ILC is generated
by a Kiefer-Wolfowitz (KW) algorithm with randomized differences, which
aims at minimizing the tracking error. It is proved that ILC converges to the
optimal one with probability one and the resulting tracking error tends to its
minimal value.

Key Words: Hammerstein-Wiener system, iterative learning control,
stochastic approximation.

I. INTRODUCTION
In practical applications, many control tasks are
completed within a ﬁnite time, and are repeatedly
performed, e.g., the robot arms, chemical reactions,
etc. For such kind of control problems it is of great
importance to effectively use the input and output
information obtained in past cycles to adjust the current
control input, in order to improve the tracking performance with increasing of the number of cycles. This
is the motivation of iterative learning control (ILC),
introduced by Arimoto in [1]. Because of its simplicity
and effectiveness, ILC has drawn great attention from
researchers and obtained many applications in practice
[2–4]. In particular, ILC has been applied in various
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robots [5, 6], motors [7, 8], and industrial/chemical
process [9].
The techniques usually used to analyze problems from ILC include the contraction mapping
approach [10], the 2-D system method [11–14], and
the composite energy function approach [15, 16], etc.
However, these techniques are not suitable for analyzing
discrete-time stochastic systems.
For discrete-time stochastic systems, most existing
results on ILC are for linear systems [17, 18]. The
recursive algorithm for learning gain matrix is given in
[17] based on the derivative of the covariance matrix
of the minimal (in the least-square sense) tracking
error with respect to learning gain matrix for linear
stochastic systems. This leads to an ILC algorithm.
The convergence of the state tracking error to zero in
the mean-square sense is established in [17], where
the partial information concerning the system matrices
is required for the algorithm. The linear stochastic
system is also considered in [18], which, requiring no
information about system matrices, gives a new type of
ILC algorithm based on the Kiefer-Wolfowitz (KW)algorithm and proves its convergence with probability
one to the optimal control under the corresponding
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performance index. The ILC for the afﬁne nonlinear
stochastic system is discussed in [19, 20]. To be precise,
the recursive algorithm for the learning gain matrix
is given in [19] for the case where the noise for the
afﬁne nonlinear system comes from the observation
only, and the input sequence is proved to converge
in the mean-square sense to the desired one. While
in [20] the KW-algorithm based ILC is constructed
for the case where the system is corrupted by noise
in both state and observation. The input sequence is
proved to converge with probability one to the optimal
one. However, the outputs of the systems considered
in [19, 20] depend on the input, in essence, in a linear
way, while in practice a nonlinear relationship between
input and output is quite common.
A preliminary study of this problem is given
in [21], which considers ILC for the afﬁne nonlinear
systems with observation noise and with a static nonlinearity such as dead-zone, preload, and saturation at the
input side. The same ILC for all these nonlinearities is
constructed in [21] with the help of the Robbins-Monro
(RM) algorithm from stochastic approximation (SA).
The designed control sequence converges to the optimal
one with probability one.
The nonlinearity in the paper is allowed to appear
not only at the input side but also at the output side.
Moreover, the nonlinearity is of general form not
restricted to a speciﬁc class as mentioned above.
Besides, the observation noise is taken into account.
Based on the KW-algorithm with randomized differences, ILC is designed for such kind of stochastic
Hammerstein-Wiener systems, and the control sequence
is proved to converge to the optimal sequence with
probability one.
The rest of the paper is arranged as follows.
The problem formulation and the basic assumptions to
be imposed are given in Section II. The intermediate
optimal signal is deﬁned in Section III, where the sufﬁcient conditions are also given for control sequence to
be optimal. The ILC algorithm is deﬁned in Section IV,
and its convergence analysis is provided there. A simulation example is demonstrated in Section V. Finally,
some concluding remarks are given in Section VI.

II. PROBLEM FORMULATION
Consider the stochastic HW system as shown in
Fig. 1, where SLS means the stochastic linear system,
and t ∈ [0, T ] denotes the time instance in an operation cycle while the subscripts k = 0, 1, 2, . . . denote the
different cycles.

Fig. 1. HW System.

The system is written as follows.
vk (t) = f t (u k (t)),
x k (t +1) = A(t)x k (t)+ B(t)vk (t)+k (t +1),
z k (t) = C(t)x k (t)+k (t),

(1)

yk (t) = gt (z k (t))+k (t),
where u k (t) ∈ R p , yk (t) ∈ Rq are the input and output,
respectively, x k (t) ∈ Rn is the state of the linear
subsystem, vk (t) and z k (t) are the intermediate signals,
k (t) and k (t) are the system noises, k (t) is the observation noise, f t (·) : R p → R p and gt (·) : Rq → Rq are
the nonlinearities at time t and placed at the input and
output sides, respectively, and A(t), B(t), C(t) denote
the matrix coefﬁcients of compatible dimensions for
the linear subsystem.
Let {Fk } be the nondecreasing −algebras
deﬁned
by
Fk (i (t), i (t), i (t), 0 ≤i ≤ k, t ∈
[0, T ]). Deﬁne the set of admissible controls as follows

U = u k+1 (t) ∈ Fk , sup u k (t)<∞ a.s.
k



∀t ∈ [0, T −1], ∀k = 0, 1, 2, . . . .
The control purpose is to ﬁnd {u k (t), k =
0, 1, 2, . . .} ∈ U in order that the following tracking
error is minimized:
Vt ({u k (t)}) = lim sup
n→∞

n
1 
yd (t)− yk (t)2,
n k=1

∀t ∈ [0, T ],

(2)

where yd (t), t ∈ [0, T ] is the target signal to track.
The following assumptions are imposed on the
system. In what follows a sequence of independent and
identically distributed random vectors is called simply
as an iid sequence.
H1. For any t ∈ [0, T ], the iid sequence {k (t), k =
1, 2, . . .} is independent of the iid sequence {k (t), k =
1, 2, . . .}, Ek (t) = 0, Ek (t) = 0, and for any integer
m>0
Ek (t)m <∞,

Ek (t)m <∞.
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H2. For any t ∈ [0, T ] the observation noise {k (t)} is
iid with Ek (t) = 0, supk E2k (t)<∞ and
n
1 
2 (t) = Rt <∞
lim
n→∞ n k=1 k

a.s. ∀t ∈ [0, T ],

we then have
z k (t +1) = C(t +1)x k (t +1)+k (t +1)
= C(t +1)B(t) f t (u k (t))+rk (t +1)

(3)

+wk (t +1).

where Rt is unknown.
H3. The sequence of initial values {x k (0), k=1, 2, . . .}
is iid with Ex k (0) = x d (0) and Ex k (0)m <∞ for any
integer m, where x d (0) denotes the initial value of target
trajectory. Further, the sequences {x k (0), k = 1, 2, . . .},
{k (t), k = 1, 2, . . .}, {k (t), k = 1, 2, . . .}, and {k (t), k =
1, 2, . . .} are mutually independent.
H4. For any t ∈ [0, T ], f t (·) and gt (·) are continuously
differentiable: i.e., Ft (·)∇ f t (·), G t (·)∇gt (·) are
continuous.
H5. For any t ∈ [0, T ], as x → ∞, gt (x) is allowed
to grow up as fast as a polynomial of any degree, i.e.,
for any ﬁxed t, there are constants >0, >0 such that


gt (x) ≤ (1+x ),

x ∈ R.

Remark 1. For convenience of writing let us set
k (0) = x k (0)− x d (0). By H3 it is clear that {k (0)} is
iid.

vk (t) = f t (u k (t)) and

x k0 (0) = x d (0),

x k0 (t +1) = A(t)x k0 (t)+ B(t)vk (t),
z k0 (t) = C(t)x k0 (t),
we see that
z k0 (t +1) = rk (t +1)+C(t +1)B(t)vk (t),
z k (t) = z k0 (t)+wk (t).

(8)
(9)

yk (t) = gt (z k0 (t)+wk (t))+k (t).

(10)

For any t let Pt (x)Eyd (t)− gt (x +wt )2 , where wt is
a random vector having the same distribution as wk (t).
It is clear that Pt (x) ≥ 0. Set


(11)
Mt  x min : Pt (x min) = min Pt (x) .
x

The solution to the linear subsystem is
x k (t +1) = (t, 0)x d (0)+

By H1, H3, and Remark 1 it is seen that
{wk (t), k = 1, 2, . . .} is an iid sequence of random
vectors with zero mean and ﬁnite moments of any order.
By setting

Therefore,

H6. For any t ∈ [0, T ], the matrix C(t +1)B(t) is of
full-column-rank.

t


(7)

(t, i +1)B(i)vk (i)

It is worth noting that Mt may contain more than one
point.

i=0

+

t+1


(t, i)k (i),

(4)

i=0

We now characterize the optimal control minimizing the performance index (2).
Let z d (i) ∈ Mi , i = 0, 1, . . ., t −1 be the optimal
intermediate signals:

where ( j, i) satisﬁes
( j, i) = A( j )( j −1, i),

j ≥i,

(i −1, i) = I.

Pi (z d (i)) = min Pi (x),

By setting

x



and denote the corresponding inputs of SLS by vd (i −
1), where the subscript “d” means “desired”. Similar to
(5) we have the desired


rk (t +1)  C(t +1) (t, 0)x d (0)

+

t−1


III. OPTIMAL CONTROL


(t, i +1)B(i)vk (i) ,

(5)

rd (t +1)  C(t +1) (t, 0)x d (0)

i=0


wk (t+1)  C(t+1)

t+1

i=0


(t, i)k (i) +k (t+1),

(6)

+

t−1



(t, i +1)B(i)vd (i) .

(12)

i=0
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Then, by (8) the desired vd (t) must satisfy the following
equation
z d (t +1)−rd (t +1) = C(t +1)B(t)vd (t),

(13)

and hence by H6
vd (t)  [(C(t +1)B(t))T C(t +1)B(t)]−1
×(C(t +1)B(t))T (z d (t +1)−rd (t +1)) (14)
with the optimal initial
vd (0) = [(C(1)B(0))T C(1)B(0)]−1 (C(1)B(0))T
(z d (1)−C(1)A(0)x d (0)).
However, z d (t), t ∈ [0, T ] is not directly available, so
vd (t) given by (14) can neither be directly used in the
control process.
By (10) we have
yd (t)− yk (t) = (t, k)+ (t, k)−k (t),
where (t, k) and
follows

(15)

(t, k) are respectively deﬁned as

(t, k) = yd (t)− gt (z d (t)+wk (t)),
(t, k) = gt (z d (t)+wk (t))− gt (z k0 (t)+wk (t)).

(16)
(17)

Theorem 1. Assume H1-H6 hold. Then for system (1)
with tracking index (2), any {u d (t), t ∈ [0, T ]} satisfying f t (u d (t)) = vd (t) is the optimal control sequence.
Further, any input sequence {u k (t)} ∈ U with vk (t)
vd (t)−vk (t) → 0, ∀t ∈ [0, T −1] a.s. is the optimal
control sequence making the performance index (2)
asymptotically minimal.
Proof. Let us ﬁrst explain the idea of the proof.
Consider the case t = 0. By (8), (13) it is
seen that z d (1)− z k0 (1) −→ 0, whenever vd (0)−
k→∞

vk (0) −→ 0. This implies that
k→∞

n
1 
 (1, k)2 = 0
lim sup
n
n→∞
k=1

by (17). Hence, from (15) we have
lim sup
n→∞

n
1 
yd (1)− yk (1)2
n k=1

= lim sup
n→∞

n
1 
(1, k)2
n k=1

n
1 
+ lim sup
k (1)2
n→∞ n k=1

= Eyd (1)− g1(z d (1)+w1 )2 + R1
= min Eyd (1)− g1 (x +w1 )2 + R1 .
x

This means that {u k (0)} is optimal, and the optimality
for t>0 can be shown in a similar way. The detailed
proof of the theorem is given in Appendix A.

Remark 2. Theorem 1 characterizes the optimal
control via the values vk (t) of f t (u k (t)). However, the
optimal control is not directly computable, because
neither z d (t +1) minimizing the tracking error Pt+1 (x)
is available, nor vd (t) and u d (t) are computable even
with known z d (t +1), since C(t +1)B(t) and f t (·)
in the system are unknown. In the next section we
will use the available information ek (t)yd (t)− yk (t)
to directly calculate the control approaching to the
optimal one.
In order to deﬁne the control minimizing the mean
of the squared tracking error ek (t)2, similar to (8), let
us denote
z 0k (t +1)=rd (t+1)+C(t+1)B(t) f t (u k (t)),

(18)

and
L t (u)  E(yd (t +1)− gt+1(z 0k (t +1)
+wk (t +1))2|u k (t) = u)
= Eyd (t +1)− gt+1 (rd (t +1)
+C(t +1)B(t) f t (u)+wt+1 )2 .

(19)

Remark 3. Notice that Pt+1 (·) is deﬁned on the values
of z k0 (t +1) and L t (·) is deﬁned on the values of u k (t).
This implies that, in general,
min Pt+1 (x) ≤ min L t (u),
x

u

where by Theorem 1 the equality takes place if f t (u) =
vd (t) is solvable with respect to u.
To demonstrate the functions Pt+1 (x) and L t (u)
for a system, let us consider the following example.
Let the system be one-dimensional with A(t)=B(t)
=C(t) = 1 and gt (x) = x 3. Assume the noises k (t),
k (t) are iid. For simplicity of presentation, assume

2
wk (t +1)(= t+1
i=0 k (i)+k (t +1)) ∼ N(0, 1 ). In other
2
words, wt+1 ∼ N(0, 1 ), where wt+1 is given in
2 = 1,
the deﬁnition of Pt+1 (x). Then, we have Ewt+1
4 = 3, and Ew 6 = 15.
Ewt+1
t+1
For a ﬁxed t assuming yd (t +1) = 3 we then have
Pt+1 (x) = Eyd (t +1)− gt+1(x +wt+1 )2
= E(3−(x +wt+1)3 )2
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= 9+E(x +wt+1 )6 −6E(x +wt+1 )3
6

4

3

E

2

= x +15x −6x +45x −18x +24.
The function Pt+1 (·) achieves its minimum at x =
0.2026:
min Pt+1 (x) = Pt+1(0.2026) = 22.1757.
x

On the other hand, for a ﬁxed t, rd (t +1) is deﬁned
by yd (i), i ∈ [0, t] and is independent of yd (t +1). So,
without loss of generality we may assume rd (t +1) = 1.
Let the nonlinearity at the input side be an invertible
function f t (u) = ue|u|.
Then, we have

1

∀k = 1, 2, . . ., t = 0, 1, . . ., T, i = 1, . . ., m, (20)
where d1 and d2 are some positive constants.
2. Sequences {k (t)} and {k (t), k (t), x k (0), k (t),
t ∈ [0, T ], k = 0, 1, 2, . . .} are mutually independent.
Deﬁne


1

1
, . . ., m
k (t) =
1
k (t)
k (t)

+132u 2 e2|u| +120ue|u| +61,
which achieves its minimum at u = −0.4890 :
min L t (u) = L t (−0.4890) = 22.1757.
u

Thus, we have seen that Pt+1 (x) and L t (u) have the
same minimal value indeed.

IV. ILC AND ITS CONVERGENCE
In the last section the optimal control has been
characterized, but it cannot be actually used, because the
matrices A(t), B(t), C(t), and the nonlinear functions
f t (·), gt (·) are unknown.
For any ﬁxed t we now deﬁne the control sequence
minimizing L t (u) by using the available information
ek (t +1)2 with ek (t)yd (t)− yk (t).
For this we apply the KW-algorithm with randomized differences proposed in [22] to seek the minimum
of L t (u). In doing so, the problem is ﬁrst transformed
to an RM-algorithm aiming at searching the roots of the
unknown gradient of L t (u).
To form the randomized differences let us
introduce the auxiliary sequence of m-dimensional
vectors {k (t), k = 1, 2, . . .}, t = 0, . . ., T , where k (t) =
T
(1k (t), . . ., m
k (t)) satisﬁes the following conditions:
1.

All components ik (t), k = 1, 2, . . ., t = 0, 1, . . ., T ,
i = 1, . . ., m of k (t) are mutually independent
with
|ik (t)|<d1 ,

ik (t)

<d2 ,

,
(21)

As required by the KW-algorithm with randomized
differences [22] we need some sequences of positive
real numbers {ak }, {ck } and {Mk } such that
∞


ak −→ 0,
k→∞

∞

k=0

ak
ck

ak = ∞,

ck −→ 0,

k=0

k→∞

2

<∞,

Mk+1 >Mk ,

Mk −→ ∞,
k→∞

where {ak } is the step-size in the algorithm, {ck } is used
to form the randomized differences, while {Mk } serves
as truncation bounds in the algorithm to prevent it from
too fast divergence to inﬁnity.
For any t ∈ [0, T ], the initial value u 0 (t) is arbitrarily given.
In order to form the randomized differences we
deﬁne controls in odd cycles of operation differently
from those in even cycles of operation. For the odd cycle
of operation the control is deﬁned as follows
u 2k+1 (t) = u 2k (t)+ck k (t),

(22)

while for even cycle u 2k (t)
u 2(k+1) (t) = u 2k (t)−ak

k (t)
(e2k+1 (t +1)2
ck

−e2k (t +1)2 ),
u 2(k+1) (t) = u 2(k+1) · I[u 2(k+1) ≤Mk (t) ] ,
k (t) =

k−1

l=1

1

T

t = 0, . . ., T, k = 0, 1, 2, . . ..

L t (u) = E(3−(1+ue|u| +wk (t +1))3 )2
= u 6 e6|u| +6u 5 e5|u| +30u 4 e4|u| +74u 3 e3|u|

= Eik (t) = 0

ik (t)

(23)
(24)

I[u 2(l+1) >Ml (t) ] , 0 (t) = 0, (25)

where I[inequality] is an indicator function meaning that
it equals 1 if the inequality indicated in the bracket is
fulﬁlled, and 0 if the inequality does not hold.
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Thus, ILC applied to system (1) is given by
(22)–(25), where the random differences are applied to
estimate the gradients, i.e., the control directions. The
idea of applying random differences in the KW algorithm is widely used, e.g., [22–25]. The method used in
the paper originates from [22] and also from [18, 20].
The convergence analysis for ILC will be carried
out inductively along time t. For any ﬁxed t the algorithm
is ﬁrst transformed to the RM algorithm, and then the
convergence is established with the help of the convergence theorem (Theorem A) of SA given in Appendix C.
Let us transform (22)–(25) to the RM algorithm
with expanding truncations.
It is important to note that for any t, the function
L t (·) is independent of controls actually applied to the
system. In other words, L t (·) is an objectively existing
function connected with the system (1)(2). We need the
following assumption imposed on L t (·).
H7. There exists a constant c0 such that L t (0)<
infu=c0 L t (u).
This condition becomes trivial when L t (u) −→

Theorem 2. Assume H1-H7 hold for system (1) with
index (2). Then i) the control sequence {u k (t)} given by
(22)–(25) tends to Jt : d(u k (t), Jt ) −→ 0; and ii) {u k (t)}
k→∞

is the optimal control whenever L t (·) is a constant at Jt
(in particular, if Jt is a singleton).


Proof. See Appendix B.

Remark 4. Since there are so many unknowns in the
system and a random search is applied, it is not realistic
to expect a fast convergence rate as can be seen from
the numerical example given in the next section. As
with most of the theoretical results in control, the
results given in this paper have only pointed out the
best possibility for practice, but for any application of
the proposed algorithm to a practical control process
one may have to modify the algorithm according to
the real situation. To facilitate practical application,
we usually select ak = 1k and ck = k1 with ∈ (0, 12 ).
Roughly speaking, when
approaches 0 or 12 , the
convergence rate decreases. For more information on
tuning the convergence rate we refer to [26, Chapter 4].

u→∞

∞. It plays an essential role in establishing the boundedness of {u k (t)}.
Let
Nk (t)ek (t +1)2 − L t (u k (t)),

(26)

and denote the derivative of L t (·) with respect to u by
h t (·) :
h t (u k (t)) = 2FtT (u k (t))[C(t +1)B(t)]T
pt+1(z 0k (t +1)).

(27)

Let Jt {u : h t (u) = 0}. Then L t (·) attains its minimum
at some points in Jt .
The algorithm (22)–(25) can be rewritten as

V. SIMULATION EXAMPLE
Consider the following nonlinear stochastic
system
vk (t) = f (u k (t))
⎡
t
⎢ 1.04+0.8 sin 100
⎢
xk (t +1) = ⎢
⎣
−0.4


+

u 2(k+1) (t) = u 2k (t)−ak h t (u 2k (t))
+ak (

k+1 (t)+ϑk+1 (t)),

u 2(k+1) (t) = u 2(k+1) · I[u 2(k+1) ≤Mk (t) ] ,
k (t) =

k−1

l=1

(29)

yk (t) = g(z k (t))+ k (t)

where
k+1 (t) =

ϑk+1 (t) =

L t (u 2k (t)+ck k (t))− L t (u 2k (t))
ck
k (t)−h t (u 2k (t)),

(31)

k (t)
(N2k+1 (t)− N2k (t)).
ck

(32)

t
100

⎡ (1)
⎤
k (t +1)
⎦
vk (t)+ ⎣
1.1
(2)
k (t +1)

z k (t) = [1 1]xk (t)+ k (t)

(1)

1.2−0.8 cos

⎥
⎥
⎥ xk (t)
⎦


−1

(28)

I[u 2(l+1) >Ml (t) ] , 0 (t) = 0, (30)

⎤
0.4

(2)

where {k (t)}, {k (t)}, {k (t)} and {k (t)} are mutually independent random variables with normal distribution N(0, 2 ). Let the nonlinearities be time-invariant:
⎧
u − 12 , u ≥ 1
⎪
⎪
⎪
⎪
⎪
⎨ 1 u2,
0 ≤ u<1
2
f (u) =
⎪
⎪
− 12 u 2 , −1 ≤ u<0
⎪
⎪
⎪
⎩
u + 12 , u<−1
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Fig. 2. Tracking errors ek (t) for t = 4 and 8, where all k , k ,
k ∈ N(0, 2 ),  = 0.1.
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Fig. 3. Comparison of y500 (t) with yd (t) for t = 2, . . . , 9,
where all k , k , k ∈ N(0, 2 ),  = 0.1.

and
20

x
.
100

15

Let the reference trajectory be yd (t) = 13 t (6−0.01t),
t = [1, . . ., 10], and let the initial control u 0 (t) ≡ 0, ∀t ∈
[0, 10].
In the algorithm (28)–(31) we set
1
ak =
,
k +1

1
ck =
,
(k +1)0.3

k

Mk = 3 .

Let the random variables ik be uniformly distributed
on [−1, −0.5]∪[0.5, 1] for i = 1, . . ., m.
For each t ∈ [1, 10] the algorithm runs 500 cycles.
The simulation results are presented in Figs 2–7. Figs 2
and 3 are for the case where all k , k , k ∈ N(0, 2 )
with  = 0.1, while Figs 4 and 5 are for the case  =
0.3. For a comparison the case where k = 0, k = 0, and
k ∈ N(0, 2 ) with  = 0.3 is also computed, and the
simulation results are presented in Figs 6 and 7.
In these ﬁgures, arbitrarily chosen samples are
demonstrated. In Figs 2, 4, and 6, the solid lines represent the tracking errors ek (4), while the dashed lines
ek (8). In Figs 3, 5, and 7 the solid lines are the reference signal yd (t) and the solid lines with circles are the
output trajectory at the 500th cycle.
From the ﬁgures we see that (i) the ILC designed in
the paper gives satisfactory results; (ii) with increasing
 the tracking accuracy is decreasing quite signiﬁcantly;
and (iii) the internal noises k and k play a major role
in such a worsening.

10
tracking errors

g(x) = 6x +sin

5
0
–5
–10
–15
–20

0

50

100 150

20 250 300 350 400 450 500
abscissa k

Fig. 4. Tracking errors ek (t) for t = 4 and 8, where all k , k ,
k ∈ N(0, 2 ),  = 0.3.

VI. CONCLUDING REMARKS
The ILC is considered for Hammerstein-Wiener
systems with random noises in both state equation and
observations. The optimal intermediate signal is ﬁrst
expressed, and the conditions that should be satisﬁed
by the optimal control are given. Then, the ILC is
constructed based on the KW algorithm with randomized differences. Its convergence and optimality are
established under some conditions.
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Fig. 5. Comparison of y500 (t) with yd (t) for t = 2, . . . , 9,
where all k , k , k ∈ N(0, 2 ),  = 0.3.
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Fig. 7. Comparison of y500 (t) with yd (t) for t = 2, . . . , 9,
where k = 0, k = 0, and k ∈ N(0, 2 ),  = 0.3.

APPENDIX A

20
15

Proof of Theorem 1
For proving the theorem we ﬁrst show that if
vk (s) −→ 0 and supk vk (s)<∞, s = 0, 1, . . ., t −1,

10
tracking errors

5
6
abscissa t

k→∞

5

then

0

E( (t, k)m |Fk−1 ) −→ 0 a.s. ∀m>0. (A1)
k→∞

–5

By noticing (5), (8), (12), and (13), from
vk (s) −→ 0, s = 0, 1, . . ., t −1, it follows that

–10

k→∞

–15

z d (t)− z k0(t) −→ 0.
k→∞

–20
0

50

100 150 200 250 300 350 400 450 500
abscissa k

Fig. 6. Tracking errors ek (t) for t = 4 and 8, where k = 0,
k = 0, and k ∈ N(0, 2 ),  = 0.3.  = 0.3.

For further research it is of interest to consider
how to guarantee that the roots of h t (·) correspond to
the global minimum of L t (·) and how to guarantee H7
in terms of conditions on A(t), B(t), C(t), f t (·), and
gt (·).
For applications of the proposed algorithm,
its rather slow convergence rate is the concern. For
improving control performance one may have to reduce
the randomness of the algorithm, in particular, to reduce
the noise level of the internal noises.

By (17) we have
E( (t, k)m |Fk−1 )
= E(gt (z d (t)+wk (t))− gt (z k0 (t)
+wk (t))m |Fk−1 ),

(A2)

where Egt (x +wk (t))m <∞, ∀x ∈ Rq by H1 and H5.
Noticing that Egt (x +wk (t))m is continuous in x,
z k0 (t) ∈ Fk−1 by vk (t) ∈ Fk−1 , and wk (t) ∈ Fk is independent of z k0 (t) we ﬁnd
E(gt (z k0 (t)+wk (t))m | Fk−1 )
= E(gt (x +wk (t))m | Fk−1 )|x=z 0 (t) .
k

(A3)
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Therefore, by the dominated convergence theorem
applied to the conditional mathematical expectation,
the right-hand side of (A2) tends to zero as k → ∞.
We now inductively prove the optimality of u d (t).
By the deﬁnition of Fk , we see that Fk is independent of {l (t), l (t), l (t),l = k +i, i = 1, 2, . . ., ∀t ∈
[0, T ]} and {k (t), Fk } is a martingale difference
sequence (MDS).
To prove the optimality it sufﬁces to show that the
minimum of (2) is achieved whenever vk (k) −→ 0.

When vk (0) −→ 0, by (A1) we have
k→∞

E( (1, k)m |Fk−1 ) −→ 0 a.s. ∀m>0,
k→∞

and by the convergence theorem for MDS [27]
∞ 1

{ (1, k)2 −E( (1, k)2 |Fk−1 )}<∞.
k
k=1

From here by the Kronecker lemma it follows that
n
1 
 (1, k)2 = 0 a.s.
n k=1

k→∞

For t = 0 we have

lim sup
n→∞

yd (1)− yk (1) =

yd (1)− g1(z k0 (1)+wk (1))−k (1)

= (1, k)+ (1, k)−k (1),
where (1, k) and (1, k) are deﬁned by (16) and (17),
respectively. Therefore, it follows that
lim sup
n→∞

n
1 
yd (1)− yk (1)2
n k=1

= lim sup
n→∞

n→∞

E(

n
1 
 (1, k)2
n k=1

n
1 
T (1, k)k (1)
n k=1

− lim sup

n
1 
n k=1

n→∞

(1, k)k (1) .

∞ 1

k=1 k

(A4)

x

For the second term on the right-hand side of (A4) it is
clear that

(1, k)k (1)<∞,

n→∞

n
1 
n k=1

T

(1, k)k (1) = 0 a.s.

(A8)

Though (1, k) and (1, k) are not independent, similar
to the proof for (A6) we can still establish the following
two formulas
lim sup
n→∞

= min Eyd (1)− g1 (x +w1 ) .

n→∞

(1, k)E(k (1)|{Fk−1 , wk (1)})|Fk−1 )

and hence
lim sup

2

T

2

n
1 
k (1)2 = R1 .
n k=1

(1, k)k (1)|{Fk−1 , wk (1)})|Fk−1 )

Since { T (1, k)k (1), Fk } is an MDS, by the convergence theorem for MDS we have

n
1 
lim sup
(1, k)2
n→∞ n k=1

lim sup

T

T

= 0.

Since (1, k) is iid, by the law of large numbers we
have

= Eyd (1)− g1(z d (1)+w1 )

(A7)

(1, k)k (1)|Fk−1 )

= E(

− lim sup

T

T

= E(E(

n
1 
+2 lim sup
T (1, k) (1, k)
n
n→∞
k=1

n→∞

n
1 
T (1, k)k (1) = 0 a.s.
n k=1

Noticing that k (1), Fk−1 , and wk (1) are mutually
independent, we ﬁnd that

n
1 
+ lim sup
k (1)2
n→∞ n k=1

n→∞

(A6)

Let us consider the three cross terms on the right-hand
side of (A4).
It is clear that T (1, k)k (1) is an iid sequence
and (1, k) is independent of k (1) and Ek (1) = 0. This
implies by the law of large numbers
lim sup

n
1 
(1, k)2
n k=1

+ lim sup

(A5)

lim sup
n→∞

n
1 
y T (1) (1, k) = 0 a.s.
n k=1 d
n
1 
g T (z d (1)+wk (1)) (1, k) = 0 a.s.
n k=1 1

Therefore, we have
lim sup
n→∞

n
1 
T (1, k) (1, k) = 0 a.s.
n k=1

(A9)
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From (A4)–(A9) it is seen that the index (2) is minimized at time t = 1:
lim sup
n→∞

n
1 
yd (1)− yk (1)2
n k=1

Let us ﬁrst consider the case t = 0. Similar to the
proof of Theorem 1 in [22], it is shown that



k ,Tk )
1
m(2n

ai i+1 (0)I[u 2k (0)≤K ] 
lim lim sup 

T →0 k→∞ T  i=2n k
= 0,

= min Eyd (1)− g1 (x +w1 )2 + R1 .
x

Thus, the optimality of the input at t = 0 has been
proved.
Assume vd (s), s = 0, 1, 2, . . ., t −1 are all the
optimal intermediate signals. We now show that vd (t)
is also an optimal intermediate signal.
By the induction assumption, rk (t+1)−rd (t+1)
−→ 0. Therefore, when vk (t)−vd (t) −→ 0, z k0 (t +1)

k→∞

k→∞

E( (t +1, k)m |Fk−1 ) −→ 0 a.s.
k→∞

Completely similar to the case t = 0, it is shown that
the index reaches its minimum and vd (t) is the optimal
intermediate signal.

(B3)

along the subscripts {2n k } of any convergent subse
quence {u 2nk (0)}, where m(k, T ) max{m : m
i=k
ai ≤ T }.
We now show that



k ,Tk )
1
m(2n

lim lim sup 
ai ϑi+1 (0)I[u 2i (0)≤K ] 

T →0 k→∞ T  i=2n k

k→∞

− z d (t +1) −→ 0, and hence

∀Tk ∈ [0, T ]

= 0,

∀Tk ∈ [0, T ]

(B4)

along the subscripts {2n k } of any convergent subsequence {u 2nk (0)}.
Noticing z k0 (1) = z0k (1), we have
Nk (0) = ek (1)2 − L 0 (u k (0))
= yd (1)− g1 (z k0 (1)+wk (1))
−k (1)2 − L 0 (u k (0))

APPENDIX B

=

Proof of Theorem 2

−2[yd (1)

where
0
2
k (1) = yd (1)− g1 (z k (1)+wk (1)) −L 0 (u k (0)).

Consequently, we have
ϑk+1 (0) =

k→∞

[0, T −1] it sufﬁces to show S4.
We now verify S4 by induction along t.
We modify Fk deﬁned in Section II, since now
k (t) has to be taken into account. Deﬁne
F2k  {l (t), l (t), xl (0), l (t),l ≤ 2k,
(B1)

(B2)

It is clear that u k (t) ∈ Fk−1 .
Further, by setting Gk+1 F2k+1 , we see that
u 2k (t) is Gk −measurable.

k (0)
(N2k+1 (0)− N2k (0))
ck

= k1 +k2 +k3 ,
where
2k+1 (1)− 2k (1)

k1

=

k2

=

k3

=2

F2k+1 = {l (t), l (t), xl (0), l (t),l ≤ 2k +1,
m (t), m ≤ k, t = 0, . . ., T }.

2

−g1 (z k0 (1)+wk (1))]T k (1),

The proof consists in veriﬁcation of conditions S1S4 of Theorem A given in Appendix C. For this we note
that for a ﬁxed t, −h t (·), k+1 (t)+ϑk+1 (t) correspond
to f (·) and εk+1 in (C2) in Appendix C, and x ∗ in (C1)
is zero in (28).
First, S1 holds by selection of {ak }, while S3 holds
by H4-H6. It is clear that S2 is also satisﬁed by choosing
v(·) = L t (·). Consequently, to prove vk (t) −→ 0 ∀t ∈

m (t), m ≤ k, t = 0, . . ., T },

k (1)+k (1)

ck

k (0),

(B5)

2k+1 (1)2 −2k (1)2
k (0),
ck
0 (1)+w (1))]T  (1)
[yd (1)− g1 (z 2k
2k
2k

−2

ck

(B6)
k (0)

0
[yd (1)− g1 (z 2k+1
(1)+w2k+1 (1))]T 2k+1 (1)

ck

k (0).

(B7)
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Since k (1) is independent of k (0) and Ek (0) = 0, we
have
E{k2 |Gk } = 0.

I[u 2k (0)≤K ] <∞,

∞ a

k
c
k=1 k

2k (1)

(B10)
is independent of

2k (1)k (0)I[u 2k (0)≤K ] <∞.

(B11)

2k+1 (1)k (0)|F2k } = 0,

(B12)

2k+1 (1)k (0)I[u 2k (0)≤K ] <∞,

(B13)

k=1

ak k1 I[u 2k (0)≤K ] <∞.

k→∞

For this it sufﬁces to show that k (t) and ϑk (t) given
by (31), (32) satisfy S4.
Completely similar to the case t = 0 it can be
shown that k (t) satisﬁes S4. Let us verify S4 for
ϑk (t).
By the inductive assumption vk (s) −→ 0, s =

z k0 (t +1)− z 0k (t +1) −→ 0.

(B14)

Nk (t) = ek (t +1)2 − L t (u k (t))
= yd (t +1)− gt+1 (z k0 (t +1)
+wk (t +1))−k (t +1)2 − L t (u k (t))
=

and hence (B4) holds.

2

+k (t +1)

where
(B15)
0
k (t +1) = yd (t +1)− gt+1 (z k (t +1)

+wk (t +1))2 − Pt+1 (z k0 (t +1)),
(B16)

Therefore,
ak k3 I[u 2k (0)≤K ] <∞,

k (t +1)+k (t +1)

+k (t +1),

∞ a

k
0
[yd (1)− g1(z 2k+1
(1)+w2k+1 (1))]T
c
k=1 k

k=1

(B21)

k→∞

ak
0
[yd (1)− g1(z 2k
(1)+w2k (1))]T
c
k=1 k

∞


(B20)

k→∞

∞


2k+1 (1)k (0)I[u 2k (0)≤K ] <∞.

k→∞

rk (t +1)−rd (t +1) −→ 0,

By noticing that yd (1)− g1 (z k0 (1)+wk (1)) and k (0)
are independent of k (1) and E{k (1)|Fk−1 } = 0, by the
convergence theorem for MDS it follows that

2k (1)k (0)I[u 2k (0)≤K ] <∞,

k→∞

control sequence is optimal for t = 0.
Assume that the conclusion of the theorem is valid
for s = 0, . . ., t −1. We now proceed to show that the
theorem is also true for t, i.e., to prove vk (t) −→ 0.

Notice that

and hence
∞


vk (0) −→ 0. Thus, the designed

or equivalently,

and by the convergence theorem for MDS
∞ a

k
c
k
k=1

(B19)

0, . . ., t −1 we have

Since w2k+1 is independent of F2k , we have
E{

k→∞

This means that

which means

Similarly, by noticing that
k (0) it follows that

which incorporating with (28) and by taking notice of
ck k (0) −→ 0 implies
k→∞

(B9)

ak k2 I[u 2k (0)≤K ] <∞.

(B18)

k→∞

d(u k (0), J0 ) −→ 0.

∞ a

k
(2k+1 (1)2 −2k (1)2 )k (0)
k=1 ck

k=1

d(u 2k (0), J0 ) −→ 0,

(B8)

Then, by the convergence theorem for MDS it follows
that

∞


By Theorem A in Appendix C, we have

k (t +1) = Eyd (t +1)− gt+1(z k0 (t +1)
+wk (t +1))2 − L t (u k (t)),

(B17)

k (t +1) = 2[yd (t +1)− gt+1 (z k0 (t +1)
+wk (t +1))]T k (t +1).
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where k (t) satisﬁes



k ,Tk )
1
m(2n

ai i (t)I[u 2i (t)≤K ]  = 0,
lim lim sup 

T →0 k→∞ T  i=2n k

We then have
k (t)
(N2k+1 (t)− N2k (t))
ck
= k1 + k2 + k3 ,

ϑk+1 (t) =

∀Tk ∈ [0, T ].

where

k1

=

k2 =

k3

=

2
2
2k+1 (t+1)− 2k (t+1)+2k+1 (t+1) −2k (t+1)

ck

2k+1 (t +1)− 2k (t +1)
ck

2k+1 (t +1)− 2k (t +1)
ck

k (t),

0
= Pt+1(z 2k+1
(t +1))− Pt+1 (r2k+1 (t +1)

k (t).

+C(t +1)B(t) f t (u 2k (t)))+ Pt+1(r2k+1 (t +1)

Since k (t +1) is independent of k (t), we have
∞ a

k
(2k+1 (t +1)2 −2k (t +1)2 )
c
k
k=1

ak

k=1

k1 I[u 2k (t)≤K ] <∞.

ck ik (t)

=h ∗i
t (u 2k (t))+ k (t),

k3 I[u 2k (t)≤K ] <∞.

(B22)

For this we need only to show that (B22) holds for each
component of k2 . Notice that the ith component of k2
is expressed as
0
0
Pt+1 (z 2k+1
(t +1))− Pt+1 (z 2k
(t +1))

ck ik (t)
−

L t (u 2k+1 (t))− L t (u 2k (t))
ck ik (t)

(B26)

0
Pt+1 (z 2k+1
(t +1))− Pt+1(r2k+1 (t +1)+C(t +1)B(t) f t (u 2k (t)))

∀Tk ∈ [0, T ].

=

ak

Similar to (B24) we obtain

So, for proving S4, it sufﬁces to show



k ,Tk )
1
m(2n

ai k2 I[u 2i (t)≤K ]  = 0,
lim lim sup 

T →0 k→∞ T  i=2n k

i
k2

Noticing that dk (t)Pt+1 (r2k+1 (t +1)+C(t +1)B(t)
0 (t +1)) is independent of i (t),
f t (u 2k (t)))− Pt+1(z 2k
k
by the convergence theorem for MDS we have
dk (t)I[u 2k (t)≤K ] <∞.
i
k=1 ck k (t)

Similar to (B15), (B16) we see
∞


0
+C(t +1)B(t) f t (u 2k (t)))− Pt+1(z 2k
(t +1)).

∞


k (t)I[u 2k (t)≤K ] <∞,

k=1

The ﬁrst term at the right-hand side of (B23) is
0
0
Pt+1 (z 2k+1
(t +1))− Pt+1(z 2k
(t +1))

k (t),

Proceeding similarly as for the case t = 0, we ﬁnd that
∞ a

k
( 2k+1 (t+1)− 2k (t+1))k (t)I[u 2k (t)≤K ] <∞.
c
k=1 k

and hence
∞

ak

(B25)

.

(B23)

(B27)

where k (t) satisﬁes
1
lim lim sup
T →0 k→∞ T



m(2n

k ,Tk )



ai i (t)I[u 2i (t)≤K ]  = 0,

 i=2nk


∀Tk ∈ [0, T ].

(B28)

Paying attention to (25) (B24) (B27) and to the proof of
[22], we ﬁnd that h it (u 2k (t)) continuously depends on
rd (t +1) completely in the same way as how h ∗i
t (u 2k (t))
depends on rk (t +1). Then, by the inductive assumption
(B20) we arrive at
[h it,z 0

2k (t)

(u 2k (t))−h it (u 2k (t))]I[u 2k (t)≤K ] −→ 0.
k→∞

(B29)

Similar to the proof given in [22] we ﬁnd that
ck ik (t)

Finally, (B22) follows from (B23)–(B29).
By Theorem A in Appendix C we conclude
that d(u 2k (t), Jt ) −→ 0. Since ck k (t) −→ 0 by (20)

= h it (u 2k (t))+k (t),

we have d(u k (t), Jt ) −→ 0, and hence vk (t) −→ 0.

L t (u 2k+1 (t))− L t (u 2k (t))

k→∞

(B24)

k→∞

k→∞

k→∞
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This means that the control sequence converges to the
optimal one at time t. This completes the proof.

if K is sufﬁciently large, where


m

m(k, T ) max m : ai ≤ T .
i=k

APPENDIX C
General convergence theorem for stochastic approximation
Analysis carried out in this paper is essentially based on the following convergence theorem
for stochastic approximation with expanding truncations [26].
Let f (·) : R p → R p and J {x : f (x) = 0}. Take a
sequence of positive real numbers Mk satisfying
Mk+1 >Mk ,

Mk −→ ∞.
k→∞

Consider the following algorithm
x k+1 = (x k +ak yk+1 )I[xk +ak yk+1 ≤Mk ]
+x ∗ I[xk +ak yk+1 >Mk ]

(C1)

yk+1 = f (x k )+εk+1
k =

k−1

i=1

I[xi +ai yi+1 >Mi ] ,

(C2)
0 = 0.

(C3)

Theorem 1. Assume the following S1-S3 hold.

S1. ak >0, ak −→ 0, and ∞
k=1 ak = ∞.
k→∞

S2. There exists a continuously differentiable function
v(·) : R p → R such that
sup

≤d(x,J )≤

f T (x)

*v(x)
<0
*x

for any > >0, where d(x, J ) = infy {x − y, y ∈ J },
v(J ) is nowhere dense. Further, there exists a constant
c0 >0 such that x ∗ <c0 and v(x ∗ )< infx=c0 v(x).
S3. The function f (·) is measurable and locally
bounded.
Then with any initial value x 0 , x k deﬁned by (78)–
(80) converges to J at any sample path where S4 holds:
S4. Along the subscripts {n k } of any convergent subsequence x nk



k ,Tk )
1
m(n

lim lim sup 
ai εi+1 I[xi ≤K ]  = 0,

T →0 k→∞ T  i=n k
∀Tk ∈ [0, T ]
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