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abstract
The iterative learning control is constructed for the discrete-time networked nonlinear systems with
random measurement losses and unknown control direction, which have not been studied simultaneously
in literature. Differing from the conventional Bernoulli random variable model, the random packet loss
is modeled by an arbitrary stochastic sequence with bounded length requirement, which is a new model
of realistic packet losses. A novel regulating approach based on truncations is introduced to make the
proposed algorithm find the correct control direction adaptively, and then guarantee the almost sure
convergence property. Therefore, this paper has three major innovations compared with reported studies,
namely, the stochastic sequence model of packet loss, the novel control direction regulation method,
and the almost sure convergence property of the proposed algorithm. An illustrative example shows the
effectiveness of the proposed approach.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
In our daily lives, it appears that we would perform better and
better if we could repeat some task. This is the basic idea of iterative
learning control (ILC), which has been widely applied in many systems that could perform the same task repeatedly, such as chemical process, hard disk drives, and robotics. In such systems the
input and output information generated in the previous batches
are of great help for improving the performance, if they are used
to design control signal for the next batch. Since proposed in the
1980s, ILC has been discussed from multiple point of views as
it could realize accurate tracking with simple control algorithm
[1–4]. Moreover, networked control systems are widely applied
as they own much more flexibility dealing with complex system.
However, in networked control systems, the data packets are not
always transmitted successfully in consequence of network congestion, linkage interrupt, transmission error, and etc., and thus the
system performance may be reduced. Furthermore, it is required to
take the control direction as prior information when designing the
ILC algorithm. Here the so-called control direction is the multiplier
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of the control term in the dynamic system equation, representing
the motion directions of the system under any given control. This
motivates us to consider ILC for networked nonlinear system with
random packet losses and unknown control direction.
The publications related to iterative learning control for networked control systems, where the information packets might be
random lost, are very rare, although there have been quite a few
of discussions in conventional networked control systems. In most
papers, the packet loss is modeled as a Bernoulli random variable,
whose value is 1 when the packet is successfully transmitted and
0 otherwise. Ahn et al. and Bu et al. made many contributions
to this topic from different perspectives. Ahn et al. studied this
topic for MIMO time-invariant systems and showed the meansquare stability under data dropouts by the Kalman filtering based
techniques, which is proposed in [5], for iterative learning control
[6–8]. The major differences among these papers are the packet
loss locations. In particular, in [6] only the measurement output
was assumed to be randomly lost when transmitting back to control center. Besides, the output vector was assumed to be completely lost if packet loss occurs. In practical system, maybe only
part of the multi-dimensional output is lost but the other part is
transmitted back. The analysis of this case was considered in [7]. [8]
further discussed the case that packet loss happened to the control
signals as well as output signals. Bu et al. considered iterative learning control for networked control systems from the statistics point
of view [9–12], where the main idea is transforming the stochastic equation/equality into deterministic equation/equality by taking mathematical expectations and then showing the stability/
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convergence conditions. In [9], the linear time-invariant discrete
system was lifted into the so-called super-vector form, consequently the model turned into 1-D form which only evolved along
the iteration axis. Then the iteration equation of tracking errors
was directly obtained. The stability analysis was given in [9] based
on the equation and exponential stability for asynchronous dynamical systems [13]. Another stability result was given in [10]
for SISO linear time-invariant system under data dropouts, where
mathematical expectations are taken to both sides of the iteration
equation of tracking errors directly, and then gave the stability
condition according to the mathematical expectation of tracking
error. Both [11,12] considered the nonlinear system case. The regression equation was first established, and then regression inequality was given by taking expectations and contract mapping
method, whence the effect of stochastic data dropout was eliminated so that the convergence condition was provided. The main
difference between [11] and [12] is the selection of update information. Specifically, in [11], the algorithm would not update if the
data is lost; while in [12], the algorithm would use previous data
if no new data arrives. The differences between [11,12] and this
note are as follows: the packet loss is modeled by Bernoulli sequence in [11,12], while it is described by a stochastic sequence
without obeying any distribution in this paper; the convergence
of proposed algorithms is proved in the mathematical expectation
meaning in [11,12], while it is in almost sure meaning in this paper;
all nonlinear functions are assumed globally Lipschitz in [11,12],
while in this paper this requirement has been removed; furthermore, random measurement noises are taken into account in this
paper which are not considered in [11,12].
Combining contributions of Ahn et al. and Bu et al., one can
find the following facts on iterative learning control for networked
control system with random packet loss: (a) the convergence is
in mean-square sense or mathematical expectation sense; (b) the
random packet loss is modeled by a binary Bernoulli random variable; and (c) none stochastic noise is involved expect [7]. However, it is found that the packet loss is normally modeled in three
kinds of formulations, which are Bernoulli random variable, arbitrary stochastic sequence, and Markov chain, respectively, by observing the physical phenomenons of packet losses. The latter two
cases gain little attention, which motivates this study. Specifically
speaking, in this paper, the random packet loss is considered as an
arbitrary stochastic sequence with suitable conditions, which differs from the existing formulation. The Bernoulli random variable
model has been studied a lot in previous publications, while few results have been gained for the arbitrary stochastic sequence model
without obeying any probability distribution. As in many practical system, any kind of probability distribution is a factitious presupposition of packet loss. Thus a black-box model would be more
suitable, since one knows nothing about the packet loss in advance.
It is also noted that the techniques used in Ahn’s and Bu’s papers
for the Bernoulli process could not be applied for this case. Therefore, it is interesting to consider the arbitrary stochastic sequence
model of packet loss.
It is difficult to find a publication in the field of ILC when the
control direction is unknown. The technique of Nussbaum-type
gain [14] is the most common method in literature, where the
Nussbaum-type gain plays a role as control direction probe. ILC is
designed in [15,16] for SISO learning control systems based on this
technique. A class of affine nonlinear systems is considered in [15],
where the system nonlinearities are assumed bounded. It is shown
that the tracking error would converge to a desired bounded domain. Xu et al. studies a class of parameterized nonlinear systems
with known nonlinear functions but unknown parameters [16]. It
is proved that the tracking error converges to zero in the sense
of L2T . However, the systems in [15,16] are continuous-time deterministic systems to facilitate the application of Nussbaum-type
gain. The techniques are not suitable for discrete-time systems or
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stochastic systems. In [17], Chen gives a novel ILC algorithm for
stochastic discrete-time systems without any information about
input/output coupling matrices based on Kiefer–Wolfowitz algorithm with random differences [18], and show that the algorithm
would converge to the optimal control with probability one. However, it is inappropriate to use this approach in our problem due
to the existence of random packet loss. In [19] the linear stochastic system is considered and a novel data-based switch mechanism
for direction probing is proposed by using the accumulated tracking performance. But it may be hard to be applied to nonlinear
system, which requires further efforts. In this paper, the unknown
control direction is handled by using the truncation number of an
improved stochastic approximation algorithm [18]. This approach
is simple but effective for nonlinear stochastic system.
In this study, ILC is considered for networked nonlinear system with random packet loss and unknown control direction. Concerning networked system we mean the plant and controller are
connected by networks, where packets may be lost during transmission. For problem clear, only the measurement loss is taken into
account, but it is effortless to extend to the general case, namely,
both measurement and control packet losses are considered. A random set is introduced to denote the loss locations at each iteration,
then the measurement loss is modeled by an arbitrary stochastic sequence with some bounded length requirement. It is worth
pointing out that the stochastic sequence model could not be covered by the traditional Bernoulli random variable model, and vice
versa. In order to deal with the unknown direction, a novel regulating approach is proposed to make the algorithm find its correct
control direction adaptively. The almost sure convergence analysis
is also given. Thus our study makes three major differences with
previous studies, namely, the stochastic sequence model of packet
loss, the novel control direction regulation method, and the almost
sure convergence property of the proposed algorithm.
The rest of the paper are arranged as follows: Section 2 provides
the system formulation and the model of packet loss, as well
as preliminary lemma; Section 3 gives the ILC algorithm and
the almost sure convergence analysis, where the effectiveness of
the proposed direction switch approach also is shown; Section 4
provides an illustrative example to verify the theoretical analysis;
some concluding remarks are given in Section 5.
2. Problem formulation
Consider the following SISO affine nonlinear discrete-time
system
xk (t + 1) = f (t , xk (t )) + b(t , xk (t ))uk (t )
yk (t ) = c(t )xk (t ) + wk (t )

(1)

where t ∈ {0, 1, . . . , N } denotes the time instant in an iteration
of the process, while k = 1, 2, . . . label different iterations.
uk (t ) ∈ R, xk (t ) ∈ Rn , and yk (t ) ∈ R denote the input, state,
and output, respectively. f (t , xk (t )), b(t , xk (t )), and c(t ) denote
unknown system information. wk (t ) is the measurement noise.
The setup of the control system is illustrated as in Fig. 1. For convenience, only measurement loss is considered in this short paper,
which could be easily extended to the case that both measurement
and control signals are lossy. As shown in Fig. 1, the measurement
signals are transmitted back through a lossy channel, which could
be regarded as a switch that opens and closes in a random manner.
The rest of the block diagram follows conventional ILC framework.
In previous studies, the random packet loss is modeled as a binary Bernoulli random variable. However, in this paper, a random
sequence model of the random packet loss is proposed. To this end,
denote Mk as the random set of time locations at which measurements are lost in the k-th iteration. In other words, t0 ∈ Mk if yk (t0 )
is lost.
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Fig. 1. Block diagram of networked control system with measurement packet loss.

Let Fk , σ {yj (t ), xj (t ), wj (t ), vj (t ), 0 ≤ j ≤ k, t ∈ {0, . . . , N }}
be the σ -algebra generated by yj (t ), xj (t ), wj (t ), vj (t ), 0 ≤ t ≤
N , 0 ≤ j ≤ k. Then the set of admissible controls is defined as
U = {uk+1 (t ) ∈ Fk , sup ∥uk (t )∥ < ∞, a.s.

Fig. 2. Diagram of packet losses.

In A5 the noise assumption is made according to the iteration
axis rather than the time axis. This requirement is not rigorous as
the process would be performed repeatedly.

k

A 6. For each t, the measurement packet loss is random without
obeying any certain probability distribution, but there is a number
K such that during successive K iterations, at least in one iteration
the measurement is successfully sent back.

t ∈ {0, . . . , N − 1}, k = 0, 1, 2, . . .}.
The control purpose is to find the control sequences

{uk (t ), k = 0, 1, 2, . . .} ⊂ U
under random packet loss environment to minimize the super
limitation of the averaged tracking errors ∀t ∈ {0, 1, . . . , N }
V (t ) = lim sup
n→∞

n
1

n k =1

∥yk (t ) − yd (t )∥2

(2)

where yd (t ), t ∈ {0, 1, . . . , N } is the tracking target.
The following assumptions are used.
A 1. The tracking target yd (t ) is realizable in the sense that there
exist ud (t ) and xd (0) such that
xd (t + 1) = f (t , xd (t )) + b(t , xd (t ))ud (t )
yd (t ) = c(t )xd (t ).

(3)

A 2. The functions f (·, ·) and b(·, ·) are continuous with respect to
the second argument.
A2 could be relaxed to the case that the functions f (t , x) and
b(t , x) have discontinuities with respect to x away from xd (t ). Since
x = xd (t ) is unknown, thus A2 is simply assumed.
A 3. The input/output coupling value c(t + 1)b(t , xk (t )) is
unknown, but it is nonzero and does not change its sign. Without
loss of any generality, it is assumed c(t + 1)b(t , xk (t )) > 0.
A3 is the assumption on control direction. As the SISO model is
taken into account, the control direction actually is the sign of the
coupling value, i.e., the control direction is +1 or −1. However, this
case can be extended to the MIMO case by using similar techniques
of [20].
A 4. The initial values can asymptotically be precisely reset in the
sense that xk (0) → xd (0) as k → ∞.
A4 is the re-initialization condition. In many papers the initial
state usually is required to be xd (0) [2,21], while in this paper it is
only required that the accurate initial state is reset asymptotically.
Besides, it is an interesting topic to study how to realize the
asymptotical re-initialization condition by suitable design learning
algorithm of initial values [22,23].
A 5. For each t the measurement noise {wk (t )} is a sequence of
independent and identically distributed random
n variables with
Ewk (t ) = 0, supk Ewk2 (t ) < ∞, and limn→∞ 1n k=1 wk2 (t ) = Rtw ,
a.s., where R2w is unknown.

Fig. 2 is given to explain A6, where a horizontal bar denotes
an iteration process. In any bar, the white rectangle and black
rectangle denote the lost packet and successfully transmitted
packet, respectively. The gray part of each horizontal bar denotes
the omission part. The meaning of A6 is that for the time domain
at certain time t, one packet at this time should be received at least
once for successive iterations K, as shown in Fig. 2. Taken the time
instance t = 4 as an illustration, A6 means that there is at least one
black rectangle for any successive K horizontal bars. The number K
in A6 is not necessary to be known prior, in other words, only the
existence of such number is required. Thus this condition means
that the measurements should not be lost too much to guarantee
the convergence in almost sure sense. It is worth pointing out that
this model of packet loss is different from the traditional binary
Bernoulli one, which could not be covered by A6 and vice versa.
Remark 1. The value of K is a reflection of the rate of packet loss.
Roughly speaking, a larger K corresponds to a higher rate of packet
loss, while a smaller K corresponds to a lower rate of packet loss.
Thus the convergence speed usually is faster if the number K is
smaller since most packets are successfully transmitted, and vice
versa. However, as one could see, K is the worst case of packet
loss, which means that the packet loss at a certain time could
only happen at most K − 1 successive iterations. Thus it is not
an accurate representation of the rate of packet loss. While in the
traditional binary Bernoulli model, the probability of packet loss
should be known accurately.
Remark 2. It should be pointed out that A6 hints that the packet
loss is assumed not totally stochastic in this paper. As a matter of
fact, the limitation on randomness is required because of technical
demand and one could find that the algorithm also behaves
well under Bernoulli case of packet losses from the illustrative
simulations. It is of great interest to relax this limitation in the
future. Besides, only the existence of K rather than its exact value
is required in this study, as one could see from the algorithms (4)–
(6) proposed later in Section 3. Thus, from this point of view, A6 is
not too restrictive for practical applications.
For simplicity of writing let us set fk (t ) = f (t , xk (t )), fd (t ) =
f (t , xd (t )), bk (t ) = b(t , xk (t )), bd (t ) = b(t , xd (t )), ek (t ) = yd (t )
− yk (t ), δ xk (t ) = xd (t ) − xk (t ), δ uk (t ) = ud (t ) − uk (t ), δ fk (t ) =
fd (t ) − fk (t ), δ bk (t ) = bd (t ) − bk (t ), c+ fk (t ) = c(t + 1)f (t , xk (t )),
c+ bk (t ) = c(t + 1)b(t , xk (t )).
Now the following lemma on continuous of nonlinear functions
is given, whose proof is put in the Appendix.
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Lemma 1. Assume A1–A6 hold for system (1). If limk→∞ δ uk (s) =
0, s = 0, 1, . . . , t, then at time t + 1, ∥δ xk (t + 1)∥ −
−−→ 0,
k→∞

∥δ fk (t + 1)∥ −−−→ 0, ∥δ bk (t + 1)∥ −−−→ 0.
k→∞

k→∞

Theorem 1. For the nonlinear system (1) and tracking objective
yd (t ), assume A1–A6 hold, then the index (2) will be minimized for
any arbitrary time t if the control sequence {uk (s)} is admissible and
satisfies uk (s) −
−−→ ud (s), s = 0, 1, . . . , t − 1. In this case, {uk (s)}
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Remark 3. The number of truncations σk (t ) is used to regulate the
control direction in the algorithm. Specifically, the term (−1)σk (t )
is the regulating term, and ‘‘+1’’ is the correct direction. If the
wrong direction ‘‘−1’’ is applied in the algorithm, it will be proved
that the algorithm diverges and forces the truncation mechanism
to work (see Lemma 4 for details). The underlining reason is the
formulation of the learning step-length ak . The divergence of the
algorithm with wrong direction could be seen from the numerical
illustration. As results, the direction shifts to the correct ‘‘+1’’.

k→∞

is called the optimal control sequence.
Proof. According to A5 and the definition of Fk , it follows that Fk is
independent of {wl (t ), l = k+i, i = 1, 2, . . . , ∀t }, thus {wk (t ), Fk }
is a martingale difference sequence. Meanwhile, input, output, and
state vectors are all adapted to Fk . Therefore by (1) and A1
lim sup
n→∞

n
1

n k=1

∥yk (t ) − yd (t )∥2

n
1

= lim sup

n k=1

n→∞

n
1

= lim sup

n k=1

n→∞

+ lim sup
n→∞

n k=1

n k=1

n→∞

∥c(t )δ xk (t )∥2 (1 + o(1))

n
1

n
1

≥ lim sup

∥c(t )(xk (t ) − xd (t )) + wk (t )∥2

The following theorem shows the convergence results of the
proposed algorithm.

∥wk (t )∥2

∥wk (t )∥ = Rw .
2

t

The sufficient and necessary condition to achieve the minimum is
lim sup
n→∞

n
1

n k=1

k→∞

δ uk (s) −−−→ 0, s = 0, 1, . . . , t − 1 by Lemma 1. The proof is
k→∞



3. ILC algorithm and its convergence
Now define the ILC leading the performance index (2) to its minimum. As the control direction is unknown, one has to introduce a
switch mechanism to make the algorithm find the correct control
direction adaptively. Intuitively, the algorithm should track good
enough if it chooses the correct control direction and behave badly
if it chooses the wrong control direction. This motivates us to define the following update law by using the tracking performance to
search the control direction, which is inspired from [24]. Remind
that the correct control direction is ‘‘+1’’ in this paper by A3.
uk+1 (t ) = uk (t ) + ak (−1)σk (t ) I{(t +1)̸∈Mk } (yd (t + 1) − yk (t + 1))(4)
uk+1 = uk+1 I{|uk+1 |<Mσ (t ) }
k

σk (t ) =

k−1


I{|uj+1 |>Mσ (t ) } ,
j

(5)
(6)

j=1

where {Mk } is a sequence of positive real numbers such that
Mk+1 > Mk , ∀k and Mk −
−−→ ∞. Besides, ak is the decreasing
gain such that ak > 0, ak → 0, k=0 ak = ∞, k=0 a2k < ∞, and
I{event} is an indicator function meaning that it equals 1 if the event
indicated in the bracket is fulfilled, and 0 if the event does not hold.
The initial input uk (t ) is simply valued zero.

∞

Lemma 2. Consider the algorithm (4)–(6) without truncations and
remove the regulating term (−1)σk (t ) , then the input sequence generated by the modified algorithm converges to the desired input in (3) for
time t = 0.
Lemma 3. Consider the algorithm (4)–(6) without truncations for
time t = 0, remove the regulating term (−1)σk (0) , and replace ak by
ak+m , then δ uk (0) generated by the modified algorithm with any fixed
initial value is uniformly bounded for any integer m > 0.
Lemma 4. Consider the algorithm (4)–(6) for time t = 0, then the
algorithm stops at the correct direction and converges to the optimal
control whenever the algorithm stops truncation.
Based on the above lemmas, the proof of Theorem 2 can be given
now.
Proof. The proof is carried by mathematical induction along the
time axis t.
Step 1 (Base step). In this step, the validity of the theorem for
t = 0 is proved.
Subtracting the algorithm without truncations
uk+1 (0) = uk (0) + ak I{1̸∈Mk } (yd (1) − yk (1))

σ0 ( t ) = 0

k→∞

Theorem 2. For the nonlinear system (1) and index (2), assume
A1–A6 hold, then (c) the number of truncations of the algorithm (4)–
(6) is finite; (b) the algorithm (4)–(6) shifts the correct direction when
stops switching; (c) the input sequence {uk (t )} generated by (4)–(6) is
optimal.
In order to make the proof of the theorem concise and clear,
some key steps of the proof are made into auxiliary lemmas as
follows. The proofs of them are put in the Appendix.

∥c(t )δ xk (t )∥2 = 0

which is true when c(t )δ xk (t ) −
−−→ 0. While the latter holds if
completed.

Remark 4. In this paper, noticing the term I{(t +1)̸∈Mk } in (4), the
algorithm would not update if the corresponding measurement
packet is lost. However, in practice, if the corresponding packet
is lost in the k-th iteration, the last available packet at the same
time from the previous iteration could be used for updating. This
is another kind of data selection method. It should be pointed out
that the packet loss may happen in successive iterations randomly.
This will result in multiple update of input signal with one packet
of tracking information. The algorithm would remain convergent if
A6 holds. The proof is similar to the followings but more complex.
Therefore, a simple data selection mechanism is adopted in this
paper. In other words, if the tracking packet is available, the
algorithms use this data for updating; while if the tracking packet
is lost, then the algorithms would not update until the arrival of
the new data.

∞

(7)

from the term ud (0) leads to

δ uk+1 (0) = δ uk (0) − ak I{1̸∈Mk } (yd (1) − yk (1))
= δ uk (0) − ak I{1̸∈Mk } c+ bk (0)δ uk (0)
− ak I{1̸∈Mk } [ϕk (0) − wk (1)]

(8)

where ϕk (t ) is defined by

ϕk (t ) = c+ δ fk (t ) + c+ δ bk (t )ud (t )

(9)
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and ϕk (0) is the value of (9) at t = 0. Here, c+ δ fk (t ) = c(t +
1)δ f (t , xk (t )), c+ δ bk (t ) = c(t + 1)δ b(t , xk (t )).
By Lemma 2, one has δ uk (0) −
−−→ 0 for (8) with any initial
k→∞

value. Therefore, if the algorithm (8) is with initial value δ u0 (0) =
ud (0), then there is an L > 0 such that ∥δ uk (0)∥ < L for
{δ uk (0)} generated by the algorithm. Then by Lemma 3 it is seen
that {δ uk (0)} produced by the following algorithm with any integer
m > 0 is bounded if the initial value is taken as δ u0 (0) = ud (0):

δ uk+1 (0) = δ uk (0) − ak+m I{1̸∈Mk } c+ bk (0)δ uk (0)
− ak+m I{1̸∈Mk } [ϕk (0) − wk (1)].

(10)

Without loss of any generality, denote the boundary as L. In
other words, for any integer m > 0 by taking the initial value
δ u0 (0) = ud (0), {δ uk (0)} generated by (10) satisfies ∥δ uk (0)∥ < L.
After each truncation the algorithm (4)–(6) is pulled back to zero,
and hence the control sequence has an upper bound L′ , L +
∥ud (0)∥, whenever the algorithm has switched on the correct direction.
If the number of truncations were infinite, then the algorithm
would be switched to the correct direction infinitely many times.
Let the algorithm be with the correct direction and let k be sufficiently large so that Mσk (0) > L′ . This implies that the algorithm
(4)–(6) will no longer be truncated when the correct direction is
switched on since then, which contradicts the assumptions of infinitely many truncations. Therefore, the algorithm (4)–(6) may
have only finite number of truncations, and hence the algorithm
is bounded. Thus Theorem 2(a) is proved for t = 0.
By Lemma 4, the impossibility of stopping at the wrong direction is verified, thus the algorithm stops at the correct direction.
Then by Lemma 2 the algorithm converges to the optimal control,
which means Theorem 2(b) and (c) hold for t = 0.
Step 2 (Inductive step). The cases for the other time instances are
proved in this step.
Now assume that the conclusion of the theorem is valid for
0, 1, . . . , t − 1, we proceed to prove that it is also true for t. By the
inductive assumptions it is seen that uk (0), uk (1), . . . , uk (t − 1)
are optimal, i.e., δ uk (s) −
−−→ 0, s = 0, 1, . . . , t − 1, and then

Fig. 3. Illustration of packet loss in the stochastic sequence case for an arbitrary
time instance.

k→∞

ϕk (s) −−−→ 0 by Lemma 1. Then completely the same argument

Fig. 4. Control direction regulation at t = 4.

k→∞

as that used for t = 0 leads to the desired conclusion. The proof of
the theorem is completed. 
Remark 5. In continuous-time systems, using Nussbaum-type
gain is a major method to search the control direction. However,
in discrete-time systems, it is hard to build a similar gain. As a
matter of fact, the intuitive idea for direction switching is that the
algorithm would diverge if the wrong direction is selected while
the algorithm would converge if the correct direction is selected.
The truncation used in this paper is a simple implementation of
the above idea.
4. Illustrative simulation
Consider the following affine nonlinear system as an example,
where the state is of two dimension,
(1)

(1)

(2)

xk (t + 1) = 0.8xk (t ) + 0.3 sin(xk (t )) + 0.23uk (t )
(2)

(1)

(2)

xk (t + 1) = 0.4 cos(xk (t )) + 0.85xk (t ) + 0.33uk (t )
(1)

(2)

yk (t ) = xk (t ) + xk (t ) + wk (t )
(1)

(2)

where xk (t ) and xk (t ) denote the first and second dimensions of
xk (t ), respectively. It is easy to see that c+ b(t ) = 0.23 × 1 + 0.33 ×
1 = 0.56 > 0, thus +1 is the correct control direction.
For simple illustration, let N = 40, and the measurement
noise wk (t ) is assumed zero-Gaussian distributed, i.e., wk (t ) ∼
N (0, 0.12 ).

In order to simulate measurement loss, first separate iteration
steps into groups of four successive iterations, i.e., {1, 2, 3, 4},
{5, 6, 7, 8}, . . . , and then randomly select one iteration from each
group for each t, say, 1, 6, 9, . . . for example. For these selected
steps the control is not updated, which means the corresponding
measurements are lost. Fig. 3 is an arbitrary illustration of packet
loss step for the first 100 iterations, where 0 denotes the packet is
lost while 1 means that the packet is successfully transmitted.
t
The reference trajectory is yd (t ) = 20 sin( 20
π ). The initial
control action is simply given as u0 (t ) = 0, ∀t. The learning gain
chooses ak = k+1 1 and the parameter used in the algorithm is
Mk = 4k . The algorithm has run 300 iterations.
The control direction regulation is demonstrated for t = 4 in
Fig. 4. For the example given here the correct control direction is
+1, and from the figure it is seen that the algorithm switches to
the wrong control direction at the 3rd, 4th, and 5th iterations, and
switches to the correct control direction since then. This shows that
the algorithm could find its correct control direction adaptively. In
Fig. 4 the upper figure shows the control direction for the whole
300 cycles, while the lower figure shows the first 10 cycles with
enlarged scale.
The tracking result of the 300th iteration is shown in Fig. 5,
where the solid line with circle is the reference signal and the
dashed line with diamond denotes the actual output y300 (t ). In our
study, the discrete-time case is considered and thus the reference
trajectory actually is a set of values rather than a curve. It is noticed
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Fig. 5. y300 (t ) vs. yd (t ).

Fig. 6. The average absolute tracking error

Fig. 7. The average absolute tracking error
K and loss rate.



T
t =1

∥ek (t )∥2
T



T
t =1

∥ek (t )∥2
T

for four different cases of

.

that the output could track the desired positions effectively,
which shows the convergence and effectiveness of the proposed
algorithms. Besides, the deviations in the figure are caused by
stochastic measurement noises, which cannot be canceled by any
learning algorithms since the noise is completely unpredictable.
Besides, the 
averaged absolute tracking error for each iteration
N
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Fig. 8. Illustration of packet loss in the Bernoulli case for an arbitrary time instance.

∥e (t )∥2

k
t =1
is defined as
. Noticing that stochastic noise is
N
involved in the above index, thus the defined error could not
decrease to zero as the number of iterations goes to infinity. Fig. 6
shows that trajectory behaviors of the defined tracking error.
From the implementation of measurement loss and Fig. 3, one
could find that the maximum number of successive packet loss
iterations is 2, thus in this case it is noted K = 3. In other
words, during successive three iterations, at least in one iteration
the measurement is successfully sent back. Besides, it is easy to
compute that the rate of packet loss is 25%, since only one iteration
out of every four iterations misses its measurement data. One may
be interested in the influence of K and the loss rate, thus more
cases of packet losses should be simulated. To be specific, three
more cases are considered: K = 3, loss rate = 10%; K = 3, loss
rate = 50%; andK = 7, loss rate = 75%. The averaged absolute

Fig. 9. Control direction regulation at t = 4 in the Bernoulli case.

N

2
t =1 ∥ek (t )∥

tracking errors
for each case are shown in Fig. 7.
N
Noticing Remark 1, it is worthy mentioning that K denotes the
worst level of packet loss, and while loss rate denotes the average
level of packet loss. As one could see, larger K and/or larger loss
rate would result in larger tracking errors.
The simulations are also made for the case that the random
packet loss is modeled as a binary Bernoulli random variable γ ,

which is distributed as P (γ = 1) = 0.75 and P (γ = 0) =
0.25, as illustrated in Fig. 8. As can be seen, in this case, the
length requirement may be not satisfied. The simulation results
are similar to Figs. 3–6, as shown in Figs. 9–11, which imply that
the proposed algorithm has a good and robust performance for
different random packet loss forms.
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ing. Moreover, it is only the measurement loss that is considered in
this paper, thus it is worth taking control loss or both of them into
account.
Appendix
Proof of Lemma 1. The proof of this lemma can be carried out by
induction along the time axis t. By (1) and (3),

δ xk (t + 1) = fd (t ) − fk (t ) + bd (t )ud (t ) − bk (t )uk (t )
= δ fk (t ) + δ bk (t )ud (t ) + bk (t )δ uk (t ).

(11)

Thus for t = 0, noticing A2 and A4, one has

δ fk (0) = fd (0) − fk (0) −−−→ 0
k→∞

δ bk (0) = bd (0) − bk (0) −−−→ 0
k→∞

Fig. 10. y300 (t ) vs. yd (t ) in the Bernoulli case.

which imply that the first two terms at the right-hand of (11) tend
to zero as k → ∞. Since

∥bk (0)∥ ≤ ∥bd (0)∥ + ∥δ bk (0)∥
it follows that bk (0) is bounded. Thus if δ uk (0) −
−−→ 0, then the
k→∞

third term at the right-hand of (11) also tends to zero. It further
implies that δ xk (1) −
−−→ 0 and then by A2 again, δ fk (1) −−−→ 0
k→∞

k→∞

and δ bk (1) −
−−→ 0. That is, the conclusion is valid for t = 0.
k→∞

Now assume the conclusions of the lemma are true for s =
0, 1, . . . , t − 1, it suffices to show that the conclusions hold for t,
i.e., ∥δ xk (t + 1)∥ −
−−→ 0, ∥δ fk (t + 1)∥ −−−→ 0, ∥δ bk (t + 1)∥ −−−→
k→∞

k→∞

k→∞

0. This could be done the same argument as used above. This completes the proof. 
Proof of Lemma 2. If no truncation is considered in (4)–(5) for
t = 0, it reduces to (7), which further leads to

δ uk+1 (0) = (1 − ak I{1̸∈Mk } c+ bk (0))δ uk (0) − ak I{1̸∈Mk } ϕk (0)
Fig. 11. The average absolute tracking error



T
t =1

∥ek (t )∥2
T

+ ak I{1̸∈Mk } wk (1).
in the Bernoulli case.

At the end of this section, some remarks are listed as follows.
The rate of packet loss has great impact on the tracking performance. To be specific, the lower the loss rate is, the better the tracking performance behaves, and the sooner the convergence speed
is. If the rate is zero, which means no packet is lost, then the update algorithm becomes a general iterative learning control algorithm. If the rate is 100%, which means no tracking information is
fed back, then the update algorithm does not work anymore. For
saving space, the simulation verification is omitted.
5. Conclusions

Since bk (0) is continuous in the initial state by A2, one has
bk (0) −
−−→ bd (0) by A4 and c+ bk (0) converges to a positive
k→∞

constant by A3. Therefore by A6 it follows
i +K −1

 

−I{1̸∈Mk } c+ bk (0) < −γ ,

γ >0

(13)

k =i

for all sufficient large i.
Set φi,j , (1 − ai I{1̸∈Mi } c+ bi (0)) · · · (1 − aj I{1̸∈Mj } c+ bj (0)), i ≥
j, φi,i+1 , 1. It is clear that 1 − aj I{1̸∈Mj } c+ bj (0) > 0 for all large
enough j, say, j ≥ j0 . Then for any i ≥ j + K , j ≥ j0 by (12) and
(13), one has that


The ILC is considered for networked nonlinear systems with
random measurement losses and unknown control direction. In
this paper the random packet loss is modeled by an arbitrary
stochastic sequence with bounded length requirement, which is
different from many previous publications where the random
packet loss is modeled by a binary Bernoulli random variable. Besides, the control direction, which plays an important role in the
control design, is assumed unknown and a novel direction regulating approach is introduced in this paper. Based on this direction
regulating approach, the P-type control update algorithm is proposed for SISO affine nonlinear system with stochastic measurement noises and the convergence with probability one is strictly
proved. The results of this paper could be extended to MIMO case
by minor modifications. An illustrative example is given to verify
the effectiveness of the algorithm. For further research, other random packet loss models such as Markov chain would be interest-

(12)



i


φi,j = φi−K ,j 1 − ai

I{1̸∈Mk } c bk (0) + o(ai )
+

k=i−K +1

≤ φi−K ,j (1 − γ ai + o(ai ))


i
γ 
ak + o(ai )
≤ φi−K ,j 1 −
K k=i−K +1



i


≤ exp −c


φi−K ,j with c > 0.

ak

k=i−K +1





It follows from here that φi,j ≤ c1 exp − 2c
k=j ak , ∀j ≥ j0 for
some c1 > 0, and hence there is a c2 such that


|φi,j | ≤ c2 exp −

i
c 

2 k=j

i


ak

,

∀i ≥ j + K , j ≥ j 0 .
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Therefore, for ∀i ≥ j0 + K , ∀j ≥ 0 one has


|φi,j | ≤ |φi,j0 | |φj0 −1,j | ≤ c3 exp −

i
c 

2 k=j


ak

(14)

for some c3 > 0.
From (12) it follows that

∀k ≥ k1 . Hence, it follows that


k




ψk,j+1 hj I{1̸∈Mj } ϕj (0)

 j =k

1


 
k
k


≤ c4 sup |ϕk (0)|
exp −c
hi hj
k

j=k1

k

δ uk+1 (0) = φk,0 δ u0 (0) −



φk,j+1 aj I{1̸∈Mj } ϕj (0)

≤ 2c4 sup |ϕk (0)|
k

j =0
k


+

φk,j+1 aj I{1̸∈Mj } wj (1)

(15)

2c4

≤

c

j =0

where the first term at the right-hand of the above equation tends
to zero as k → ∞ because of (14). By A2 and A4 it is clear that
ϕk (0) −−−→ 0. By A5 it follows that

2c4

=

c

k→∞

∞


2c4

≤
ak I{1̸∈Mk } wk (1) < 0.

c

i=j+1

k




ch2j

hj −



2

j=k1


exp −c

k



hi

i=j+1



k
k


−chj
hi
sup |ϕk (0)|
(1 − e ) exp −c
k

sup |ϕk (0)|
k

j=k1
k


i =j +1





exp −c

j=k1

k



hi


− exp −c

k



hi

i=j

i=j+1

sup |ϕk (0)|.
k

k

k=1

Thus the last two terms at the right-hand side of (15) also tend
to zero as k → ∞ by using similar proof steps to Lemma 3.1.1
of [18]. Thus it concludes that δ uk (0) → 0. In other words, the
convergence of control sequence uk (0), uk (0) −
−−→ ud (0), has
k→∞

been proved.
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Besides, it is clear that | j=1 0 ψk,j+1 hj I{1̸∈Mj } ϕj (0)| is bounded. Thus
the uniform boundedness for the second term at the right-hand
side of (16) is proved.
k
Now check the last term
j=0 ψk,j+1 hj I{1̸∈Mj } wj (1). By the
definition of hk , it is clear



k


hj I{1̸∈Mj } wj (1),

∞

k =1

hk = ∞ and

∞

k=1

h2k < ∞. Let

s−1 = 0.

Proof of Lemma 3. If no truncation is considered in (4)–(5) for
t = 0 and ak is replaced by ak+m , ∀m, it leads to

sk =

δ uk+1 (0) = δ uk (0) − ak+m I{1̸∈Mk } c+ bk (0)δ uk (0)
− ak+m I{1̸∈Mk } [ϕk (0) − wk (1)].

By A5 it is clear sk → s < ∞. Hence, for any ϵ > 0, there is k2 such
that ∥sj − s∥ ≤ ϵ, ∀j ≥ k2 . By a partial summation
k


Set

ψk,j+1 hj I{1̸∈Mj } wj (1) =

j =0

hk = ak+m
ψi,j = (1 − hi I{1̸∈Mi } c+ bi (0)) · · · (1 − hj I{1̸∈Mj } c+ bj (0)).

= sk −

k

(ψk,j+1 − ψk,j )sj−1

k


k
k


= sk −
(ψk,j+1 − ψk,j )s −
(ψk,j+1 − ψk,j )(sj−1 − s)

ψk,j+1 hj I{1̸∈Mj } φj (0)

j=0

j =0
k


j=0
k2

ψk,j+1 hj I{1̸∈Mj } wj (1).

(16)

= sk − s + ψk,0 s −


(ψk,j+1 − ψk,j )(sj−1 − s)
j =0

j =0

To prove the uniform boundedness of δ uk (0) for any m > 0 and
fixed initial value δ u0 (0), it suffices to show that all the three terms
at the right-hand side of (16) are uniformly bounded with respect
to m.
Similar to the proof of Lemma 2, one has


|ψi,j | ≤ c4 exp −c

i



hk

,

∀i ≥ j, ∀j ≥ 0

(17)

k=j

for some constants c4 > 0 and c > 0.
Then it is obvious |ψk,0 | ≤ c4 , ∀m > 0, and hence

|ψk,0 δ u0 (0)| ≤ c4 |δ u0 (0)|.

k→∞

0, there is k1 such that
ch2k
2



,

and

0 < chk < 1,

∀m > 0

−

k


ψk,j+1 hj I{1̸∈Mj } c+ bk (0)(sj−1 − s)

j=k2

where all terms tend to zero as k → ∞ except the last one. By
noticing ∥sj − s∥ ≤ ϵ, ∀j ≥ k2 , one has



k




+
ψk,j+1 hj I{1̸∈Mj } c bk (0)(sj−1 − s)

 j =k

2


k




≤ ϵ sup |c+ bk (0)| · 
ψk,j+1 hj 
 j =k

k
2

(18)

This shows the uniform boundedness of the first term at the righthand side of (16).
Since ϕk (0) −
−−→ 0, supk |ϕk (0)| < ∞. By noticing that hk →

hk ≤ 2 hk −

ψk,j+1 (sj − sj−1 )

j =0

δ uk+1 = ψk,0 δ u0 (0) −



k

j =0

Then one has

+

(19)

j =1

which tends to zero as k → ∞ and ϵ → 0. Thus the third term at
the right-hand side of (16) is also uniformly bounded. The proof of
this lemma is completed. 
Proof of Lemma 4. It is observed from Lemma 2, Lemma 3 and
first part proof of Theorem 2 that the algorithm (4)–(6) may have
only finite number of truncations for t = 0.
If the algorithm stops at the correct direction, then by Lemma 2
the algorithm converges to the optimal control.
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For the impossibility of stopping at the wrong direction, one
may consider the following regression
uk+1 (0) = uk (0) − ak I{1̸∈Mk } c+ bk (0)δ uk (0)

− ak I{1̸∈Mk } ϕk (0) + ak I{1̸∈Mk } wk (1).

(20)

The proof consists of two steps. The first is to show that uk (0)
defined by (20) converges and the second is to show that uk (0)
cannot converge to a point u′ (0) ̸= ud (0).
First, assume that uk (0) defined by (20) is not convergent. Take
a Lyapunov function ζ (x) , (ud (0) − x)2 , then one has
0 ≤ lim inf ζ (uk (0)) < lim sup ζ (uk (0)) < ∞.
k→∞

(21)

k→∞

We say that ζ (xnk ), . . . , ζ (xmk ) down-cross the interval [δ1 , δ2 ], if
ζ (xnk ) ≥ δ2 , ζ (xmk ) ≤ δ1 , and δ1 < ζ (xj ) < δ2 , ∀j : nk <
j < mk . From (21) it follows that ζ (uk (0)) down-cross a nonempty
interval [δ1 , δ2 ] infinitely many times. Without loss of generality,
it is assumed d([δ1 , δ2 ], ζ (ud (0))) > 0, where d(·, ·) denotes the
distance.
Let ζ (unk (0)), . . . , ζ (umk (0)), k = 1, 2, . . . , be downcrossings.
By the boundedness of uk (0), without loss of generality, one
may assume unk (0) −
−−→ ū.
k→∞

Set m(k, T ) , max{m :
i=k ai I{1̸∈Mi } ≤ T }. For sufficiently
large k and small enough T one has

m



m




aj I{1̸∈Mj } c+ bj (0)δ uj (0)
|um+1 (0) − unk (0)| ≤ 

 j =n
k


 
m
m

 

 


+
+
aj I{1̸∈Mj } c bj (0)wj (1)
aj I{1̸∈Mj } c bj (0)ϕj (0) + 
+

  j =n
 j =n
k

k

≤ sup |c+ bj (0)δ uj (0)|
j

m

j=nk

(22)

where c5 is a positive constant and o(·) denotes infinitesimal of
high order.
Set τ = ank I{1̸∈Mnk } in the above expression, one has

|unk +1 (0) − unk (0)| ≤ c5 ank I{1̸∈Mnk } −−−→ 0.
k→∞

k→∞

d(ū, ud (0)) , δ > 0.

(24)

For small enough τ and sufficiently large k one has
d(um (0), ud (0)) ≥

δ
2

,

∀m : nk ≤ m ≤ m(nk , τ ).

and



(nk ,τ )
m



+
aj I{1̸∈Mj } c bj (0)δ uj (0)(ζu (uj (0)) − ζu (ū)) = o(τ ).

 j =n

By (25) and A3 there exists an α > 0 such that

− c+ bj (0)δ uj (0)ζu (uj (0)) = 2c+ bj (0)[δ uj (0)]2 > α,
∀j : nk ≤ j ≤ m(nk , τ ).
ζ (um(nk ,τ )+1 (0)) − ζ (unk (0)) ≥ βτ

lim inf ζ (um(nk ,τ )+1 (0)) ≥ δ2 + βτ .

(30)

k→∞

On the other hand, from (22) it is observed that
lim

max

τ →0 nk ≤j≤m(nk ,τ )

|ζ (uj+1 (0)) − ζ (unk (0))| = 0.

(31)

This means that m(nk , τ ) + 1 < mk for small enough τ , and hence
ζ (um(nk ,τ )+1 (0)) ∈ (δ1 , δ2 ]. This contradicts with (30). Hence,
{ζ (uk (0))} is impossible to have infinitely many down-crossings,
and {uk (0)} is convergent.
Then it comes to show that {uk (0)} cannot converge to a point
u′ (0) ̸= ud (0). To show this, assume the converse: uk (0) −
−−→
k→∞

k0 +n−1

uk0 +n (0) = uk0 (0) −



aj I{1̸∈Mj } [c+ bj (0)δ uj (0) + ϕj (0)]

j=k0
k0 +n−1

+



aj I{1̸∈Mj } wj (1),

∀ n.

(32)

j=k0

It is clear that
∞


aj I{1̸∈Mj } wj (1) < ∞

(33)

j=k0

and by A4, A2, ϕj (0) −−→ 0. Since u′ (0) ̸= ud (0), c+ bj (0)δ uj (0)
j→∞

(25)

would converge to a nonzero constant. Then one has
k0 +n−1

ζ (um(nk ,τ )+1 (0)) − ζ (unk (0))
aj I{1̸∈Mj } (yd (1) − yj (1))ζu (ū) + o(τ )

(29)

for some β > 0 and τ > 0, if k is sufficiently large.
From (24) and (29) it follows that

j=k0



(28)

Combining the last four formulas leads to



m(nk ,τ )

(27)

k

Consequently for large enough k it follows

=−

(26)

k

(23)

By the definition of down-crossing ζ (unk ) ≥ δ2 > ζ (unk +1 ) it
follows that

ζ (unk (0)) −−−→ δ2 = ζ (ū),



m
(nk ,τ )




lim sup ζu (ū)
aj I{1̸∈Mj } [ϕj (0) − wj (1)] = o(τ )


k→∞
j =n

u′ (0) ̸= ud (0).
From (20) it follows

aj I{1̸∈Mj } + o(τ )

≤ c5 r ∀m : nk ≤ m ≤ m(nk , τ ), ∀τ ∈ [0, T ]

Since ϕk (0) → 0 one has that

aj I{1̸∈Mj } [c+ bj (0)δ uj (0) + ϕj (0)] −−−→ ∞

(34)

n→∞

which implies uk0 +n (0) −−−→ ∞. This, however, contradicts with
n→∞

the boundedness of {uk (0)}. Thus the proof is completed.



j=nk
m(nk ,τ )

=−



aj I{1̸∈Mj } c+ bj (0)δ uj (0)ζu (uj (0))

j =n k
m(nk ,τ )

+



aj I{1̸∈Mj } c+ bj (0)δ uj (0)(ζu (uj (0)) − ζu (ū))

j =n k
m(nk ,τ )

−


j =n k

aj I{1̸∈Mj } [ϕj (0) − wj (1)]ζu (ū) + o(τ ).
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