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Abstract—This technical note contributes to the convergence
analysis for iterative learning control (ILC) for linear stochastic systems under general data dropout environments, i.e., data dropouts
occur randomly at both the measurement and actuator sides. Data
updating in the memory array is arranged in such a way that data
at every time instance is updated independently, which allows successive data dropouts both in time and iteration axes. The update
mechanisms for both the computed input and real input are proposed and then the update process of both inputs is shown to be a
Markov chain. By virtue of Markov modeling, a new analysis method
is developed to prove the convergence in both mean square and
almost sure senses. An illustrative example verifies the theoretical
results.
Index Terms—Almost sure convergence, data dropout, iterative
learning control, Markov chain, mean square convergence.

I. INTRODUCTION
In practical industrial processes, many systems complete a given task
in a finite time interval and repeat the process continuously. Then, one is
interested in how the repetition could help improve the control performance. This motivates the introduction of an intelligent control strategy
called iterative learning control (ILC). In ILC, the tracking information
from previous iterations is taken full advantage of to gradually improve the performance from iteration to iteration. After three decades
of developments, ILC has shown a distinct advantage in high-precision
tracking and fewer requirements on system information [1]–[3].
Meanwhile, based on the fast development of communication technology, currently, more and more control systems are implemented in
the networked mode to enhance flexibility and robustness. For example, the ILC has been applied to two-link robotic fish in [4], where
the control signal is transmitted to the robot fish through wireless
network. Similar examples include the formation control of satellites and unmanned aerial vehicles (UAV). In this implementation,
the plant and the controller are separated and communicated with each
other through wired/wireless networks. Therefore, a problem arising
naturally is the data dropout phenomenon, which would damage the
tracking performance. This problem motivates us to consider networked
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ILC under data dropout conditions and some pioneer papers have been
reported [5]–[16].
Most of the reported results considered a special case that the data
dropout problem only occurs at the measurement side [5]–[12]. In other
words, the network at the actuator side was assumed to work well so
that the generated input signal can be always transmitted to the system
timely. In this case, a binary valued variable was introduced to denote
the occurrence of data dropout. However, when moving to the general
case that data dropout occurred at both measurement and actuator sides
[13]–[16], the one-side transmission results cannot be extended directly
due to the fact that the input signal generated by the controller and the
one used for the system are not always identical, which is different
from the case in [5]–[12]. In order to ensure a feasible compensation
mechanism, additional requirements were imposed in the existing papers. To be specific, in [13], [14], the dropped data was compensated
with the data one-step back within the same iteration. Consequently,
a limitation arises in that the data at adjacent time instants cannot
be dropped at the same iteration. In [15], [16], the dropped data was
compensated with the data at the same time instant one-iteration back.
However, this required that there was no simultaneous data dropout
at the same time instant across any two adjacent iterations. Moreover,
such requirements on data dropout might be difficult to meet in practical applications. Thus, it is of great significance to address the general
and random successive data dropout problem.
This technical note aims to complete the exploration of this topic.
To be specific, the general data dropout occurring at both measurement and actuator sides are considered for linear stochastic systems.
The data dropout is modeled by a Bernoulli random variable without further conditions. In other words, successive data dropouts with
arbitrary length are allowed in this technical note, which is seldom considered in previous papers. Because the existence of successive data
dropouts, the updating mechanism proposed in this technical note only
uses the available data while guaranteeing strong convergence properties. Moreover, for simplicity, the P-type update law is adopted in this
technical note to illustrate the learning convergence, though learning
controller does not restrict to P-type. Furthermore, the main difficulty
in proving the convergence for the general data dropout problem lies in
the random asynchronism between the input updating at the controller
and the system. In this technical note, we first analyze the sample path
behavior of the update process and then reveal that the process actually
is a Markov chain. This paves a novel way for convergence analysis.
The ILC for Markovian switching systems was reported in [17], where
the controller and mean square stability conditions were obtained for a
leader-follower network based on a group of LMIs. The techniques in
this technical note differ from [17] that we directly establish the mean
square and almost sure convergence for stochastic systems with the
classic P-type law and mild design conditions.
This technical note distinguishes from previous papers in the following novelties: 1) this technical note allows randomly successive data
dropouts at both measurement and actuator sides, which makes the
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input signal updates at controller and plant asynchronous and has not
been addressed in ILC field; 2) we formulate the control problem under
data dropouts into a Markov chain, and a novel analysis framework is
then provided; 3) the rigorous convergence proof both in mean square
sense and almost sure sense under stochastic noises is given, which is
hard to achieve by traditional analysis approaches; and 4) the results
show the effectiveness and robustness of traditional P-type update law
against random factors. In addition, a decreasing gain sequence is incorporated into the ILC algorithm to actively cope with the systemic
and measurement noises.
The technical note is arranged as follows. Section II gives the
problem formulation. Detailed behavior analysis, convergence proof,
and performance discussions are provided in Section III. Section IV
presents an illustrative example to verify the theoretical results.
Concluding remarks are provided in Section V.
II. PROBLEM FORMULATION
Consider the following linear time varying stochastic system
xk (t + 1) = At xk (t) + Bt uk (t) + wk (t),
yk (t) = Ct xk (t) + vk (t),

(1)

where t = 0, 1, · · · , N denotes the time index, N is the iteration length,
and k = 1, 2, · · · , denotes the iteration index. uk (t) ∈ Rp , yk (t) ∈ Rq ,
and xk (t) ∈ Rn are the system input, output, and state, respectively.
The system matrices At , Bt , and Ct are with appropriate dimensions. wk (t) and vk (t) are system noises and measurement noises,
respectively.
The desired reference is yd (t), which satisfies the following
formulation,
xd (t + 1) = At xd (t) + Bt ud (t),
yd (t) = Ct xd (t).

(2)

The following assumptions are required for further analysis.
A 1: The input-output coupling matrix Ct + 1 Bt ∈ Rq ×p is of fullcolumn rank, t = 0, · · · , N − 1 and therefore q ≥ p.
A 2: The initial state xk (0) is precisely reset, i.e., xk (0) = xd (0).
Remark 1: The initial state reset is a critical issue in ILC field. The
Assumption A2 is the well-known identical initialization condition
(i.i.c.), which has been used in many ILC papers. Efforts have been
dedicated to the relaxation of i.i.c., but they require further information
on the system or additional control mechanism. However, the extension
of i.i.c. is out of our scope, thus, we simply assume A2.
Denote the increasing σ-algebra Fk  σ{xj (t), wj (t), vj (t), 1
≤ j ≤ k, t = 0, 1, · · · , N } generated by the information from the first
iteration to the kth iteration. We give the following assumption on
stochastic noises.
A 3: The stochastic noises wk (t) and vk (t) are independent for different time instants and they are independent with each other. For each
t, E{wk (t)|Fk −1 } = 0, E{vk (t)|Fk −1 } = 0, supk E{wk2 (t)|Fk −1 }
< ∞, supk E{vk2 (t)|Fk −1 } < ∞. Here E(·) denotes the mathematical expectation operator.
The control objective of this technical note is to design a learning
algorithm such that the generated input sequence could track the desired
trajectory asymptotically along iteration axis under data dropouts and
stochastic noises conditions. Because of the existence of stochastic
noises, the actual output could not precisely track the desired trajectory.
Thus, our objective is to minimize the following performance index
n
1
yd (t) − yk (t)2 .
Vt = lim
n →∞ n
k=1

(3)

Fig. 1.
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Block diagram of the proposed ILC framework.

By Lemma 1 of [11], in order to minimize the above performance
index, it is sufficient to show that the input sequence uk (t) → ud (t),
t = 0, 1, · · · , N − 1. This is the objective of subsequent analysis. In
addition, it is noticed from Lemma 1 of [11] that the minimum of
the above performance index (3) is a linear combination of the upper
bounds of covariance of both system and measurement noises wk (t),
vk (t). In other words, the ultimate tracking performance is determined
by the stochastic noises.
In this technical note, the general networked framework is considered, that is, both networks at the measurement and actuator
sides would suffer random data dropouts. The data dropouts are
modeled by two random variables, σk (t) and γk (t), subject to
Bernoulli distribution. Specifically, both σk (t) and γk (t) equal 1
if the corresponding data are transmitted successfully, and 0 otherwise. Moreover, P (σk (t) = 1) = σ and P (γk (t) = 1) = γ, 0 <
σ, γ < 1, where P (·) denotes the probability of the indicted event.
Both σk (t) and γk (t) are independent for different time instant t and
iteration k.
The block diagram of the framework is illustrated in Fig. 1. In this
framework, the update of the input follows the intermittent type. In other
words, if the data are successfully transmitted at the measurement side,
then the algorithm would update its input signal; while if the data are lost
during transmission at the measurement side, then the algorithm would
stop updating and retain the stored input signal of the previous iteration.
At the actuator side, if the input signal is successfully transmitted, then
the plant will use this new input signal; if the input signal is lost,
then the plant will operate with the stored input signal of the previous
iteration. The data dropouts at measurement and actuator sides occur
independently.
In this framework, we denote the control signal generated by the
learning controller, called the computed control, as uck (t), and the real
control signal fed to the plant, called the real control, as urk (t). The
workflow of Fig. 1 is as follows: when the system finishes one batch,
all the data are transmitted back to the controller, then the controller
computes the control signal for the next batch, and the computed control would then be transmitted to the plant so that the system could
run for the next batch. Then the updating law in the controller is
formulated as
uck + 1 (t) = σk + 1 (t)urk (t) + (1 − σk + 1 (t))uck (t)
+ σk + 1 (t)ak Lt ek (t + 1),

(4)

while the actually used control signal for the (k + 1)th iteration is
urk + 1 (t) = γk + 1 (t)uck + 1 (t) + (1 − γk + 1 (t))urk (t),

(5)
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where ek (t)  yd (t) − yk (t), Lt is the learning gain matrix and ak
is a decreasing sequence to ensure
zero-error tracking.
sequence

∞ The
2
{ak } should satisfy ak > 0, ∞
k = 1 ak = ∞, and
k = 1 ak < ∞.
Remark 2: The decreasing sequence {ak } used in (4) is a technical
means to handle the stochastic noises. If the stochastic noises are eliminated from the system, the term ak can be removed from (4). It is well
known that an appropriate decreasing gain for the correction term in
updating processes is a necessary requirement to ensure convergence
in the recursive computation for optimization, identification, and tracking of stochastic systems [18], [19]. This fact is also illustrated in ILC
literature [2], [20], [21].
Remark 3: The random variables σk + 1 (t) and γk + 1 (t) are defined
independently along both iteration and time axes. Thus it is apparent
that successive data dropouts in time axis are allowed in this formulation. Moreover, from (4) it is noticed that if σk + 1 (t) = 1, i.e., the
data is successfully transmitted, then the computed control is updated;
otherwise if σk + 1 (t) = 0, then the computed control copies its corresponding value of the previous iteration. However, in the latter case,
the corresponding computed control of the previous iteration may likewise copy the value of its previous iteration. Consequently, successive
data dropouts in iteration axis are also allowed. In addition, No extra
storage beyond one batch size is required by the memory array because
only the latest data needs to be stored, as shown in the updating laws
(4) and (5) through two random variables σk + 1 (t) and γk + 1 (t). In
other words, at each time instance, if the input is updated, then the updated value replaces the stored data; otherwise, the stored input keeps
unchanged.
III. MAIN RESULTS
In this section, we first show that the update process of the computed
control and the real control is a Markov chain, which paves a critical
and novel way to obtain the convergence. Then the convergence in both
mean square and almost sure senses are established. In addition, the
convergence speed is explicitly discussed at the end of this section.
A. Markov Chain of the Input Sequence
In this subsection, we will establish the Markov chain of the input
sequences. To make our idea clear, we first consider the case for an
arbitrary time instant and then generalize it to the whole iteration.
Now, for arbitrary fixed time instant t, 0 ≤ t ≤ N − 1, let us consider the sample path behaviors of update algorithms (4) and (5), where
a sample path means an arbitrary sequence with respect to iteration k.
It is noticed that the computed control and the real control are the same
whenever γk = 1. In the following, the sample path behavior is called
“synchronization” if the computed control and real control are equal to
each other; otherwise, it is called “asynchronization”. Moreover, it is
called a “renewal” if both computed control and real control are in the
state of synchronization but different from their last synchronization.
The following lemma shows that the sample path behavior actually is
a Markov chain in terms of synchronization and asynchronization.
Lemma 1: Consider the updating laws (4) and (5). The updating of
the values of urk (t) and uck (t) forms a Markov chain.
Proof: We start from the kth iteration where urk (t) = uck (t). That is,
the computed control and real control are in the state of synchronization
at the kth iteration. Then, for the (k + 1)th iteration, four possible
outcomes exist.
1) Case 1: σk + 1 (t) = 0 and γk + 1 (t) = 1.
The probability of this case is P (σk + 1 (t) = 0)P (γk + 1 (t) = 1)
= (1 − σ)γ. In this case, from (4) and (5) one has uck + 1 (t) = uck (t)
= urk (t), urk + 1 = uck + 1 (t) = urk (t). Thus the computed control
and the real control retain the same as the kth iteration.

2) Case 2: σk + 1 (t) = 0 and γk + 1 (t) = 0.
The probability of this case is P (σk + 1 (t) = 0)P (γk + 1 (t) = 0)
= (1 − σ)(1 − γ). In this case, it is obvious that uck + 1 (t)
= uck (t) = urk (t), urk + 1 (t) = urk (t). That is, no change in computed control nor in real control occurs.
3) Case 3: σk + 1 (t) = 1 and γk + 1 (t) = 1.
The probability of this case is P (σk + 1 (t) = 1)P (γk + 1 (t) = 1)
= σγ. In this case, we find that uck + 1 (t) = urk (t) + ak Lt ek (t +
1), urk + 1 (t) = uck + 1 (t) = urk (t) + ak Lt ek (t + 1). In other
words, the computed control and the real control are updated simultaneously and are still equal to each other. In short, a renewal
occurs.
4) Case 4: σk + 1 (t) = 1 and γk + 1 (t) = 0.
The probability of this case is P (σk + 1 (t) = 1)P (γk + 1 (t)
= 0) = σ(1 − γ). In this case, only the computed control is
updated, uck + 1 (t) = uck + 1 (t) = urk (t) + ak Lt ek (t + 1), urk + 1 (t)
= urk (t). As a result, the state becomes asynchronization.
From the above discussions, we find that (a) the computed control
uck + 1 (t) and the real control urk + 1 (t) stay in the state of synchronization
except in the last case; and (b) a renewal occurs when no data dropouts
happen at the measurement and the actuator sides with a probability σγ.
Therefore, we further discuss the last case, that is, we assume that
the computed control and the real control become the last case at
the (k + 1)th iteration. Then, four possible outcomes exist for the
(k + 2)th iteration with probabilities of the four outcomes being the
same to cases 1–4 above.
1) Case 1’: σk + 2 (t) = 0 and γk + 2 (t) = 1.
In this case, the real control is updated, uck + 2 (t) = uck + 1 (t)
= urk (t) + ak Lt ek (t + 1), urk + 2 (t) = uck + 2(t) = urk (t)+ak Lt ek
(t + 1). That is, the computed control and the real control achieve
synchronization, and a renewal occurs.
2) Case 2’: σk + 2 (t) = 0 and γk + 2 (t) = 0.
In this case, no change happens to both the computed control
and the real control, uck + 2 (t) = uck + 1 (t) = urk (t) + ak Lt ek (t +
1), urk + 2 (t) = urk + 1 (t) = urk (t). Then the computed control and
the real control are still in the state of asynchronization.
3) Case 3’: σk + 2 (t) = 1 and γk + 2 (t) = 1.
In this case, both the computed control and the real control
are updated, uck + 2 (t) = urk + 1 (t) + ak + 1 Lt ek + 1 (t + 1), urk + 2 (t)
= uck + 2 (t). As a result, the computed control and the real control
become synchronization again, and a renewal occurs.
4) Case 4’: σk + 2 (t) = 1 and γk + 2 (t) = 0.
In this case, only the computed control is updated, uck + 2 (t)
= urk + 1 (t) + ak + 1 Lt ek + 1 (t + 1), urk + 2 (t) = urk + 1 (t). However,
the real control remains the same to the (k + 1)th iteration and
therefore, the computed control retains the same state to the
(k + 1)th iteration. Thus, the computed control and real control
are in the state of asynchronization.
The analysis indicates that (a) from the asynchronization state, the
computed control uck + 2 (t) and the real control urk + 2 (t) will either
remain unchanged state or become synchronization again; and (b) a
renewal occurs whenever the state changes into synchronization.
As a result, we can conclude that the computed control and the real
control have two states, i.e., synchronization and asynchronization, respectively. Moreover, from the state of synchronization, the probability
of the inputs retaining synchronization is 1 − σ(1 − γ), while the probability of the inputs switching to asynchronization is σ(1 − γ). From
the state of asynchronization, the probabilities of retaining asynchronization and switching to synchronization are 1 − γ and γ, respectively.
Therefore, the two states would switch between each other following a Markov chain, as shown in Fig. 2. The proof of this lemma is
completed.
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chain is


P =

Fig. 2. Illustration of the Markov chain of synchronization and asynchronization. S: synchronization; A: asynchronization; ∗: there is a renewal with probability σγ.

Remark 4: If γ = 1, which means there is no data dropout at the
actuator side, then the matrix P is singular as the second column being
zero. This implies that the computed control and real input would
always be in the state of synchronization. This special case has been
discussed in many previous papers. On the other hand, if σ = 1, which
means that there is no data dropout at the measurement side, then P is
also singular as its first row coincides with the last row, and the Markov
chain degrades to be a simple Bernoulli sequence. The convergence of
such special case could be easy to established.
Next we verify that the sample path behaviors for the whole iteration
also form a Markov chain. Lemma 1 indicates that, for arbitrary time
instant t, the states of synchronization and asynchronization between
uck (t) and urk (t) form a Markov chain. From the analysis steps of
Lemma 1, it can be seen that the switching of such two states are only
determined by the data dropout variables at both sides, i.e., σk (t) and
γk (t). In other words, the Markov property of the sample path behavior
of uck (t) and urk (t) is irrelevant with their specific values.
Moreover, notice that the random variables σk (t) and γk (t) modeling the data dropouts at both sides are independent for different time
instants. Owing to such independence among different time instants,
the combination of the N Markov chains, generated by the computed
control and the real control for each time instant t, 0 ≤ t ≤ N − 1, is
also a Markov chain.
Specifically speaking, let us introduce a new notation τk (t) to
describe the states of synchronization and asynchronization. That is,
we let τk (t) = 1 if the computed control and the real control achieves
synchronization, otherwise, τk (t) = 0 if they achieves asynchronization. As we have explained above, the states of synchronization or
asynchronization are determined only by the data dropout variables
σk (t) and γk (t), therefore, τk (i) is independent of τk (j) for any
i = j. Meanwhile, the evolution of τk (t) is a Markov chain. To
show the overall behaviors of all time instants, we further introduce
a vector ϕk  [τk (0), · · · , τk (N − 1)]T , which is a stack of τk (t).
Since each variable τk (t) is binary, the vector ϕk has 2N possible
outcomes, i.e., [0, 0, · · · , 0]T , [1, 0, · · · , 0]T , · · · , [1, 1, · · · , 1]T .
We denote the set of all possible values of ϕk as S. The Markov
property of ϕk can be proved directly by the definition of Markov
chain. Note that, {τk (t)} is a Markov chain, ∀t, that is, P {τk (t)
= ik |τk −1 = ik −1 , · · · , τ1 (t) = i1 } = P {τk (t) = ik |τk −1 = ik −1 },
∀t, ik ∈ {0, 1}. Therefore, P {ϕk = θk |ϕk −1 = θk −1 , · · · , ϕ1 = θ1 }
= P {ϕk = θk |ϕk −1 = θk −1 }, where θi ∈ S. As a consequence, the
switching of the inputs for the general case is also a Markov chain of
2N states.
B. Convergence Analysis
In this subsection, the convergence of the input sequences in both
mean square and almost sure senses is established. To this end, the
original algorithms (4) and (5) are first transformed as a switching
system whose random matrix switches as a Markov chain.
We first consider the algorithms for arbitrary fixed time instant t.
From Fig. 2, it is observed that the transition matrix of the Markov

p1 1
p2 1

p1 2
p2 2




=

1 − σ(1 − γ)
γ


σ(1 − γ)
,
1−γ

(6)

where p1 1  P (τk + 1 (t) = 1|τk (t) = 1), p1 2  P (τk + 1 (t) = 0|τk (t)
= 1), p2 1  P (τk + 1 (t) = 1|τk (t) = 0), p2 2  P (τk + 1 (t) = 0|τk (t)
= 0) with pi j being the element of P at the ith row and jth column, τk (t) denoting the state at iteration k, ∀t, while τk (t) = 1 and
τk (t) = 0 denoting the states of synchronization and asynchronization,
respectively. Note that 0 < σ, γ < 1; thus, P is irreducible, aperiodic,
and recurrent, which further means P is ergodic. In addition, pi j > 0,
i, j = 1, 2.
Note that renewal can occur both at the state of synchronization
and asynchronization. Moreover, whenever a renewal occurs, both the
computed control and the real control are improved. In other words,
the real control is updated if a renewal occurs, otherwise, it remains
unchanged. Therefore, it is concluded that updating of the real control
also follows a Markov jump way. We could further introduce a random
variable λk (t) to denote whether a renewal happens or not, i.e., λk (t) =
1 if a renewal happens, and 0 otherwise. Recalling Fig. 2, we find that
the occurrence probability of renewal depends on its state of the last
iteration. That is, the evolution of λk (t) is also a irreducible, aperiodic,
recurrent, and ergodic Markov chain.
The update of the real control has the following two formulations,
that is, when λk (t) = 0, urk + 1 (t) = urk (t) = urk (t) + ak 0p ×q ek (t +
1), and when λk = 1, urk + 1 (t) = urk (t) + ak Lt ek (t + 1), where 0i ×j
denotes zero matrix with appropriate dimensions. We can unify these
two cases into the following one
urk + 1 (t) = urk (t) + ak λk (t)Lt ek (t + 1),

(7)

where λk (t) values 0 or 1 subject to a two-state Markov chain.
In order to show the convergence, we now lift the above
recursion along the time axis. Specifically, denote Yk =
Ukr = [urk (0), · · · , urk (N − 1)]T ∈
[yk (1), · · · , yk (N )]T ∈ Rq N ,
pN
R , Yk (0) = [C1 A0 xk (0), · · · , CN AN −1 , 0 xk (0)]T ∈ Rq N and H
is
⎤
⎡
C1 B0
0
0
···
0
⎥
⎢C A B
C2 B1
0
···
0
⎥
⎢ 2 1 0
⎥
⎢
⎥
⎢ C3 A2 , 1 B0
C
A
B
C
B
·
·
·
0
3
2
1
3
2
⎥
⎢
⎥
⎢.
.
.
.
.
⎥
⎢.
.
.
.
.
.
.
.
.
⎦
⎣.
CN AN −1 , 1 B0 CN AN −1 , 2 B1 CN AN −1 , 3 B2 · · · CN BN −1
with Ai , j  Ai Ai −1 · · · Aj , i ≥ j. The stochastic noise term k is
expressed as
⎡
⎤
vk (1) + C1 wk (0)
⎢ vk (2) + C2 wk (1) + C2 A1 wk (0) ⎥
⎢
⎥
⎥.
k = ⎢
..
⎢
⎥
⎣
⎦
.
N
vk (N ) + j = 1 CN AN −1 , j wk (j − 1)
The the lifted system is Yk = HUk + k + Yk (0), while the desired
reference yd (t) and associated desired input ud (t) can be lifted in
similar formulations, Yd = HUd + Yd (0). From A2–A3, one has that
Yk (0) = Yd (0) and E{k |Fk −1 } = 0, E{k 2 |Fk −1 } < ∞. In addition, the lifted tracking error is Ek  Yd − Yk = H(Ud − Ukr ) − k .
Then the lifted form of the recursion (7) is
Ukr + 1 = Ukr + ak Λk LEk
= Ukr + ak Λk LHΔUkr − ak Λk k ,

(8)
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where Λk = diag{λk (0), · · · , λk (N − 1)} ⊗ Ip ×p , L = diag{L0 , · · · ,
LN −1 } ∈ Rp N ×q N , and ΔUkr = Ud − Ukr . Subtracting both sides of
the last equation (8) from Ud leads to
ΔUkr + 1

=

ΔUkr

−

ak Λk LHΔUkr

+ a k Λ k k .

(9)

It is worthy pointing out that Λk is a random matrix with 2 possible
outcomes because all its diagonal entries are binary and the switching
of Λk among its outcomes follows a irreducible, aperiodic, recurrent,
and ergodic Markov chain. In particular, there are two special case of
Λk , namely, Ip N ×p N and 0p N ×p N denoting that the inputs at all the N
time instants are renewed and unchanged, respectively.
Next it is sufficient to show the zero-error convergence of the recursion (9) under mild design conditions. That is, we can move to design
the learning matrix L and propose the convergence results. Note that
H is a lower triangular block matrix with its diagonal blocks being
Ct + 1 Bt . Thus we could design the learning gain matrix Lt such that
Lt Ct + 1 Bt are with positive eigenvalues. Before presenting the main
theorem, we first give two technical lemmas for convergence analysis.
Lemma 2: Let {ξk } be a sequence of positive real numbers and
such that
N

ξk + 1 ≤ (1 − d1 ak )ξk + d2 a2k (d3 + ξk ),

(10)

where di > 0, i = 1,· · · , 3, are constants and ak satisfies ak > 0,

∞
∞
2
k = 1 ak = ∞, and
k = 1 ak < ∞, then lim k →∞ ξk = 0.
Proof: From (10), we have
ξk + 1 ≤ (1 − d1 ak + d2 a2k )ξk + d2 d3 a2k .

(11)

Since limk →∞ ak = 0, we can choose a sufficient large integer k0 > 0
such that 1 − d1 ak + d2 a2k < 1 for all k ≥ k0 , and then we have
ξk + 1 ≤ ξk + d4 a2k ,

(12)


2
where d4  d2 d3 . As a result, it follows from (12) and ∞
k = 1 ak < ∞
that supk ξk < ∞, and ξk converges. Based on this boundedness, we
d1 ak )ξk + d5 a2k with
d5 > 0 being
have from (11) that ξk + 1 ≤ (1 − 
∞
2
a
=
∞
and
suitable constant. Again, noticing ∞
k=1 k
k = 1 ak < ∞,

we conclude that limk →∞ ξk = 0.
Lemma 3 ([22]): Let X(n), Z(n) be nonnegative stochastic processes (with finite expectation) adapted to increasing σ-algebra {Fn }
and such that
E{X(n + 1)|Fn } ≤ X(n) + Z(n),
∞


E[Z(n)] < ∞.

(13)
(14)

n=1

Then X(n) converges almost surely, as n → ∞.
Theorem 1: Consider the linear time varying system (1) and assume
A1–A3 hold. Moreover, the data at both measurement and actuator sides
are dropped or successfully transmitted for the whole iteration together.
The learning update laws (4) and (5) guarantee that the generated input
sequence converges to the desired input both in mean square sense
and almost sure sense if the learning gain matrix Lt satisfies that
all eigenvalues of Lt Ct + 1 Bt are positive, t = 0, 1, · · · , N − 1. As a
result, the desired reference yd (t) is asymptotically tracked according
to the index (3).
Proof: From Lemma 1 and the transformations, we have (9). Now
we show that ΔUkr converge to zero both in mean square sense and
almost sure sense.
Note that all eigenvalues of the matrix LH are positive, thus there
exists a positive definite matrix Q such that (LH)T Q + QLH = I.
Moreover, according to the form of Λk , we have (LH)T ΛTk Q +
QΛk LH ≥ 0. Then, we define a weighted norm for ΔUkr as

ΔUkr 2Q  (ΔUkr )T QΔUkr , which can be regarded as a Lyapunov
function. Now, we take the weighted norm to both sides of (9),
ΔUkr + 1 2Q = ΔUkr 2Q + a2k Λk LHΔUkr 2Q + a2k Λk k 2Q
− ak (ΔUkr )T ((LH)T ΛTk Q + QΛk LH)ΔUkr
+ 2ak (ΔUkr )T QΛk k
− 2ak (ΔUkr )T (LH)T ΛTk QΛk k .

(15)

Define a new increasing σ-algebra Fk  σ{xj (t), wj (t), vj (t), σj (t),
γj (t), 1 ≤ j ≤ k − 1, t = 0, · · · , N }. In view of (4)–(5), it is evident that Ukr ∈ Fk , that is, Ukr is adapted to Fk . From A3, we have
E{k |Fk } = 0. As a result,
E{2ak (ΔUkr )T QΛk k |Fk } = 0,

(16)

E{2ak (ΔUkr )T (LH)T ΛTk QΛk k |Fk } = 0.

(17)

Therefore, it is straightforward to have that
E{ΔUkr + 1 2Q |Fk }
= ΔUkr 2Q + c0 a2k (ΔUkr 2Q + E{k 2Q |Fk })
− ak (ΔUkr )T E{(LH)T ΛTk Q + QΛk LH|Fk }ΔUkr ,

(18)

where c0 = max{LH2 , 1} as Λk  ≤ 1. Note that Λk is a diagonal
matrix, and the evolution of Λk is a irreducible and ergodic Markov
chain. Thus there is a positive probability for Λk to be the identity
matrix Ip N ×p N . In addition, all the eigenvalues of the remaining 2N −
1 possible diagonal-matrix of Λk are either 1 or 0. Consequently, there
exists some constant c1 > 0 such that
E{(LH)T ΛTk Q + QΛk LH|Fk } ≥ c1 I.

(19)

By A3 we have E{k 2Q |Fk } < c2 where c2 > 0 is a suitable constant.
Now we move to show the mean square convergence. Denote ξk 
EΔUkr 2Q . Then taking mathematical expectation of both sides of (18)
and using (19) lead to
ξk + 1 ≤ (1 − c1 c3 ak )ξk + c0 a2k (c2 + ξk ).
where c3 is positive constant such that I ≥ c3 Q. Then by Lemma 2,
we have that EΔUkr 2Q → 0, implying that EΔUkr 2 → 0. That is,
the zero-error convergence of ΔUkr in mean square sense is proved.
Next, we proceed to show the almost sure convergence of ΔUkr .
Denote ηk  ΔUkr 2Q . Substituting (19) into (18), we have that
E{ηk + 1 |Fk } ≤ (1 − c1 c3 ak )ηk + c0 a2k (E{k 2 |Fk } + ηk )
≤ ηk + c0 a2k (E{k 2 |Fk } + ηk ).

(20)

Note that two terms on the right-hand side of last inequality, i.e., ηk and c0 a2k (E{k 2 |Fk } + ηk ), corresponds to X(n)
and Z(n)
3, respectively. Moreover,
it is evident
∞
∞ in Lemma
2
2
2
2
E
c
a
(E{

|F
}
+
η
)
=
c
that
0 k
k
k
k
k=1
k = 1 0 ak (Ek  +
ξk ) < ∞, where the convergence of ξk is used. In other words, (13) and
(14) in Lemma 3 are fulfilled. Therefore, it follows that ηk = ΔUkr 2Q
converges almost surely as k → ∞. On the other hand, we have show
that ΔUkr converges to zero in mean square, thus ΔUkr converges to
zero almost surely from probability theory. The proof is completed. 
Remark 5: In this technical note, the data dropouts are modeled by
random variables subject to Bernoulli distribution, which is a widely
used model in this research area. The major reason for such assumption
is to allow the successive data dropouts with arbitrary length. In addition, such assumption also helps us to make an explicit convergence
proof for the general data dropout problem. Note that the critical technique for establishing the convergence is the Markov property of the
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sample path behavior, thus the proposed method given in this technical
note can be applied to the Markovian data dropout case [23], [24]. On
the other hand, the inherent update mechanism is the occurrence of
renewal, which implies that the essential convergence of the proposed
algorithms only requires that the data are not completely lost for each
time instant.
Remark 6: If no noise is involved in the system, that is, both wk (t)
and vk (t) are eliminated, then the decreasing gain ak could be removed from the algorithms. In this case, the recursion of input error (9)
reduces to
ΔUkr + 1 = ΔUkr − Λk LHΔUkr

(21)

and an exponential convergence speed can be then obtained. Moreover,
the design of learning gain matrix Lt would be different with or without
ak . For the case with ak , the condition on Lt is that all eigenvalues of
Lt Ct + 1 Bt are positive real numbers. Roughly speaking, this condition
can be relaxed to the one that all eigenvalues of Lt Ct + 1 Bt are with
positive real parts. On the other hand, for the case without ak , the matrix
Lt should satisfy that the spectral radius of I − Lt Ct + 1 Bt is less than
one to ensure convergence. The latter design condition can be derived
following the traditional contraction mapping method. Therefore, the
introduction of decreasing sequence {ak } also relax the design range
of Lt .
C. Discussions on Convergence Speed
In this subsection, we give a brief description on the convergence
speed of the proposed algorithms. As a matter of fact, the convergence
speed depends on two individual factors, namely, the renewal frequency
and the decreasing gain sequence {ak }. The former factor reflects the
influence of data dropout on ILC, while the latter factor is a design
factor originating from the stochastic approximation algorithm. In the
traditional ILC problem where no data dropout occurs, the convergence
speed is only determined by the designed decreasing gain ak .
Now let us check how is the influence of data dropout on the convergence speed. To this end, we give an explicit description on the renewal
frequency. Recalling Fig. 2 and its transition matrix (6), the associated
stationary distribution π of the Markov chain can be calculated from
πP = π and is given as


γ
σ−σ·γ
,
.
(22)
π
γ +σ−σ·γ
γ +σ−σ·γ
Note that renewal can occur both at the state of synchronization and
asynchronization. From Fig. 2, it is observed that the probability of
occurrence of renewal at the state of synchronization is σγ, while
the probability at the state of asynchronization is γ. Therefore, the
probability of renewal along the iteration axis can be calculated
P (renewal) =
=

γ
σ−σ·γ
·σ·γ +
·γ
γ +σ−σ·γ
γ +σ−σ·γ
σ·γ
.
γ +σ−σ·γ

(23)

In this technical note, for clear expression, we simply assume that the
probability distributions for different time instants are the same. Thus
the above probability of renewal is the average of the whole iteration.
This probability describes the renewal frequency of the learning algorithms under data dropout environment. It is noticed that the probability
is determined by the sum and product of the successful transmission
probability at both sides, i.e., σ + γ and σγ. As a consequence, the renewal frequency is neither determined by the worst side nor the simple
sum of both sides. Two facts are observed as follows.
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1) Define the function f (σ, γ) = P (renewal). Evidently,
f (σ, γ) = f (γ, σ). Moreover, through simple calculations, one has
γ2
∂f (σ, γ)
=
> 0.
∂σ
(γ + σ − σ · γ)2
This condition means that a large successful transmission rate corresponds to increased number of renewals, and thus, faster convergence
speed.
2

where the equality holds if
2) It is well known that σγ ≤ σ +2 γ
and only if σ = γ. This implies that, when the sum σ + γ is fixed,
the closer σ approaches to γ, the larger the product σγ is and so is
the probability P (renewal). In other words, the convergence speed
increases.
IV. ILLUSTRATIVE SIMULATIONS
In this section, we apply the proposed algorithms to a permanent
magnet linear motor (PMLM), which is described by the following
discretized model [25]
⎧
x(t + 1) = x(t) + v(t)Δ + ε1 (t + 1)
⎪
⎪
⎨
k1 k2 ψ 2
k ψ
v(t + 1) = v(t) − Δ R m f v(t) + Δ R2 mf u(t) + ε2 (t + 1)
⎪
⎪
⎩
y(t) = v(t) + (t)
where x and v denote the motor position and rotor velocity, Δ =
10 ms the sampling time interval, R = 8.6 Ω the resistance of stator,
m = 1.635 kg the rotor mass, and ψf = 0.35 Wb the flux linkage,
k1 = π/τ and k2 = 1.5π/τ , where τ = 0.031 m is the pole pitch. The
stochastic noises ε1 (t), ε2 (t), and (t) obey zero-mean distribution
N (0, σ 2 ) with σ = 0.03.
In this simulation, we set the whole iteration length as 1 s,
i.e., N = 100. The desired reference is yd (t) = 1/3[sin(t/20) + 1 −
cos(3t/20)], 0 ≤ t ≤ 100. The initial state satisfies A2. The control input for the first iteration is simply set to be 0. The learning gain Lt = 50
and the decreasing sequence is set to be ak = 1/k. The algorithms are
run for 150 iterations.
The general algorithms (4) and (5) are used. The random variables
γk (t) and σk (t) for data dropouts are defined separately for different
time instants rather than a unified variable for the entire iteration. We
introduce data dropout rate (DDR) as the probability P (σk (t) = 0)
or P (γk (t) = 0). In other words, DDR denotes the percentage of lost
packages over the total packages. For simplicity, the DDRs for both
the measurement and actuator sides are equal in the following. In
this example, four cases are simulated, that is, DDR = 10%, 20%,
30%, and 40%, respectively. The averaged tracking error profiles along
iteration axis for all cases are shown
 in Fig. 3, where the averaged
N

|e k (t )|

t=1
. As can be seen, the
tracking error is defined as ek 
N
convergence speed slows as the DDR increases.
As has been shown in Theorem 1, the condition on learning gain
Lt is that all eigenvalues of Lt Ct + 1 Bt are positive. Moreover, a faster
convergence speed can be achieved when Lt is designed such that
the eigenvalues are with larger magnitude; however, such case would
lead to bad transient performance such as overshot before convergence.
Thus, there is a trade-off between the convergence speed and transient
performance.
If there is no noise involved in the system, i.e., the noises wk (t)
and vk (t) are removed from the system (1), then we can also delete
the decreasing sequence ak from the update laws (4) as mentioned in
Remark 2. In this case, an exponential convergence speed is achieved,
as shown in Fig. 4, where the learning gain Lt is selected as Lt = 8 due
to the previous value does not satisfy the condition given in Remark 6.
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Fig. 3. Tracking error profiles along iteration axis with different DDRs:
Noise case (DDR1: DDR at the measurement side; DDR2: DDR at the
actuator side).

Fig. 5. Input sample paths along iteration axis with different DDRs.
(a) With a k case, (b) Without a k case.

out that the decreasing sequence may make the learning controller unsuitable if large changes occur to the desired reference after several
iterations. As a consequence, the design of learning laws depends on
the practical application requirements.
V. CONCLUSION

Fig. 4. Tracking error profiles along iteration axis with different DDRs:
Noise free case (DDR1: DDR at the measurement side; DDR2: DDR at
the actuator side).

In the figure, all profiles are approximate lines in the logarithmic coordinate, which imply the exponential convergence property.
In addition, Fig. 4 also verifies the relationship between convergence
speed and DDR rate. For the above three lines, the sum of DDRs at
both sides are identical. It can be found that the fastest convergence
speed belongs to the case DDR1 = DDR2. Moreover, although the
worst DDR in the forth line is 40%, it still behaves faster than the third
line where the worst DDR is 30%. Such observations coincide with
Subsection III.C.
To demonstrate the effect of the decreasing sequence ak for stochastic systems, we display the input profiles for (4) with and without ak
in Fig. 5. As can be seen, the introduction of ak enables a stable convergence of input, while the input keeps fluctuating if such sequence is
removed from the update law. This verifies the necessity of decreasing
term in algorithms for stochastic systems. However, it should be pointed

ILC under general data dropout environments is explored in this
technical note. The data dropouts are allowed to occur randomly at
both the measurement and actuator sides. As a result, the control update
process consists of two parts, i.e., the computed input and the real
input. A novel convergence analysis framework is proposed in this
technical note. To be specific, the update process is first proved to
be a Markov chain by directly analyzing its sample path behavior.
Then the convergence in both mean square and almost sure senses is
established strictly. In addition, the technical note also demonstrates the
effectiveness and robustness of conventional P-type update law against
random factors.
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