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Stochastic Point-to-Point Iterative Learning Tracking
Without Prior Information on System Matrices
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Abstract— This paper contributes to a point-to-point iterative
learning control problem for stochastic systems without prior
information on system matrices. The stochastic approximation
technique with gradient estimation by random difference is
introduced to design the update law for input. It is strictly proved
that the input sequence would converge almost surely to the
optimal one, which minimizes the averaged tracking performance
index. An illustrative simulation shows the effectiveness of the
proposed algorithm.
Note to Practitioners—In many practical applications, the
system would perform a given task cycle by cycle. There are
also many industrial processes operating periodically. In a word,
repeatability is inherent in these systems. Then, it would lead
to constant improvements to the system performance, just as we
are able to learn from experiences and subsequently improve our
behaviors in daily lives. This is exactly the control idea in this
paper. On the other hand, learning, by trials and errors, allows
us to make modifications and corrections on the actions. This is
why the algorithm proposed in this paper could achieve accurate
tracking without system information. To be specific, the algorithm
updates differently during the odd cycles and the even cycles. For
the odd cycle, the control is added with a small perturbation,
while for the subsequent even cycle, the control is updated by
estimating the gradient with the help of trial information. The
detailed algorithm steps are provided with strict analysis on the
convergence and optimality properties.
Index
Terms— Almost
sure
convergence,
learning control (ILC), point-to-point control,
approximation.

iterative
stochastic

I. I NTRODUCTION

A

S is well known, learning is a basic skill of human to
survive in the ancient times and to improve their work
and lives in the modern times. Inspired by this intuitive idea,
iterative learning control (ILC) is introduced to improve the
tracking performance, where the system could accomplish a
given task over a fixed time interval repeatedly. As learning is
drawn into the input update law, the algorithm of ILC could
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be simple but effective as shown in many previous studies.
Some excellent surveys can be found in [1]–[3]. It is noted
that reinforcement learning and/or approximate dynamic programming based control also integrates the concept of learning
into control strategy [4]; however, ILC differs from these
methods in that ILC pays more attention to the performance
improvement along the iteration axis rather than that along the
time axis.
The standard ILC usually requires the system output to track
a desired objective over the whole time interval. However,
in many practical applications, maybe only some points are
required to be tracked accurately while the others are free.
As a simple but a classic example, a basketball player shoots
from a fixed position repeatedly. What the player focuses is
whether the basketball hits the target, rather than whether
the basketball tracks some settled trajectory. In other words,
only the terminal point is considered, and this kind of ILC is
termed terminal iterative learning control (TILC) [5]–[7]. As a
general case, take a train or subway passing some stations into
consideration. One could find that only the schedule that the
train/subway arrives at each station is requested, while the
running status between stations is much flexible. In this case,
the point-to-point iterative learning control (P2PILC) is more
suitable for the control objective, because more degrees of
design freedom are allowable. Both TILC and P2PILC have
been considered in the previous studies.
In [8] and [9], the point-to-point tracking problem was
solved through iteratively updating the reference instead of the
input profile along the iteration axis, which showed a novel
way for the point-to-point control problem. The benefit was
that they made a good use of the freedom of trajectory. Another
promising method to deal with the point-to-point problem is
directly updating the control signal based on specified tracking
data, as shown in [9]. In addition, Owens et al. [10] presented
a norm-optimal ILC solution to the continuous-time pointto-point problem and Chu et al. [11] showed a successive
projection-based method.
For a MIMO system, the required pass points in the above
literature are the whole output vectors for arbitrary given
time instances, while, in practice, we may only claim part
components of the output vector to satisfy constraints. This
kind of point-to-point tracking problem was studied in [12] for
linear systems and in [13] for nonlinear systems, respectively.
Detailed formulation of such a kind of point-to-point control
was given in [12], which also provided an extensive analysis
on gradient descent-based ILC and Newton method-based ILC
with various mixed constraints. Freeman and Dinh [14] further
investigated the norm-optimal ILC for highly coupled systems.
The stochastic linear system case was addressed in [15] based
on the stochastic approximation technique.
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However, model information is required in these papers to
design the learning law. In other words, the algorithms depend
on the system matrices, which may reduce the applications
of P2PILC. The model-dependent design condition will be
relaxed in this paper, where a random difference is introduced
to estimate the gradient, so that no prior information on system
matrices is requested. The almost sure convergence of the
proposed algorithm to an allowable set is proved and then
verified by an illustrative example.
This paper introduces the Kiefer–Wolfowitz (KW) algorithm
into the design of update laws for the P2PILC problem to
remove the prior requirement on system matrices, and the
convergence of the proposed algorithms is detailed. It is seen
that both [16] and [17] also adopted the KW algorithm to
solve the traditional ILC problem, that is, the whole reference
is required to be tracked. Considering the essence of the pointto-point control problem, we propose the lifted form of update
laws for the whole iteration differing from the time instant
separated form used in [16] and [17]. In addition, the linear
stochastic system is considered in this paper, which is not well
addressed in previous works. It is worth pointing out that the
Kalman filtering-based approach proposed in [18] and [19]
is also an effective method for stochastic ILC when partial
system information is available.
The rest of this paper is arranged as follows. Section II
provides the problem formulations. Section III gives the ILC
algorithm and the almost sure convergence result. Section IV
provides an illustrative example to show the effectiveness. The
conclusion is given in Section V. The detailed proof of the
main theorem is put in the Appendix.
II. P ROBLEM F ORMULATION
In this section, the system formulation, point-to-point ILC
formulation, and control objective will be given in sequence.
A. System Formulation
x k (t + 1) = At x k (t) + Bt u k (t) + wk (t + 1)
(1)

where subscript k denotes the cycle number, k = 1, 2, . . .,
and t denotes an arbitrary time in a cycle, t ∈ [0, N].
x k (t) ∈ Rn , u k (t) ∈ R p , and yk (t) ∈ Rq are the system state
vector, input vector, and output vector, respectively. System
matrices At , Bt , and Ct are with appropriate dimensions.
Noise signals wk (t) and v k (t) are the system noise and
the measurement noise, respectively. In this paper, the noise
is simply assumed to be zero-mean Gaussian white noise,
i.e., with normal distribution. In addition, for different cycles
and different time instances, the noise signals are uncorrelated.
The initial state x k (0) is set to x 0 .
Here, assume that the input–output coupling matrix Ct +1 Bt
is of full row rank, ∀t = 0, 1, . . . , N − 1. One can rewrite the
input and the output into a supervector form given by
uk = [u kT (0), u kT (1), . . . , u kT (N − 1)]T ∈ R p N
yk = [ykT (1), ykT (2), . . . , ykT (N)]T ∈ Rq N .
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where
Am = A j A j −1 . . . Ai , j ≥ i and m=i Am = I ,
j < i , and it is obvious that G ∈ Rq N× p N . Then, we have the
following relationship between the input and the output:
yk = Guk + y0 + k
where y0 is the response to initial conditions, y0 = [(C1 A0 )T
N−1
(C2 A1 A0 )T . . . (C N m=0
Am )T ]T x 0 . Without loss of generality, it is assumed y0 = 0 or x 0 = 0. The stochastic noise
term k is expressed by
⎤
⎡
v k (1) + C1 wk (1)
⎥
⎢ v k (2) + C2 wk (2) + C2 A1 wk (1)
⎥
⎢
⎥
⎢ ..
⎥
⎢.
k = ⎢
⎥.
⎛
⎞
⎥
⎢
N−1

⎥
⎢
⎣ v k (N) + C N N ⎝
Am ⎠ wk ( j ) ⎦
j =0
m= j

Noticing requirements on system noise {wk (t)} and measurement noise {v k (t)}, it is convenient to deduce the following
condition.
A1: The stochastic noise {k } is a zero-mean Gaussian
process noise with covariance Q, i.e., k ∼ N(0, Q).
For the standard ILC framework, the tracking objective is

T
yd = ydT (1), ydT (2), . . . , ydT (N) ∈ Rq N .
(2)
Denote standard tracking error as ek = yd − yk .
B. Point-to-Point Problem Formulation

Consider the following linear time-varying system:
yk (t) = Ct x k (t) + v k (t)

In addition, let
⎡
C 1 B0
⎢ C 2 A 1 B0
⎢
..
⎢
.
G=⎢
⎢
N−1
⎢

⎣C
A B
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As we know, in many practical applications, it is not
required to track the whole trajectory yd , but its subset. Here,
an equivalent model of [12] is given. Suppose that only l j
components of the output at time j is required to track,
0 ≤ l j ≤ q, j = 1, 2, . . . , N. If l j = 0, it means the output
at time j is completely disregarded. If l j = 0, denote the
tracking components by 1 ≤ n j,1 < n j,2 < · · · < n j,l j ≤ q.
Now remove all the points that do not need to be followed
from the original objective yd ; one would have a new reference
trajectory yr with dimension l, where l = Nj=1 l j . In other
words, yr is a condensed reference trajectory of yd satisfying
the following relationship:
yr = yd

(3)

where  ∈ Rl×q N is a matrix with its element i, j = 1, if the
i th dimension of yr locates at the j th dimension of yd , and
otherwise i, j = 0.
In the following, it is the condensed reference trajectory
yr rather than the original one yd that is available for ILC
update laws. Moreover, by the definition of  and its construction process, it is obvious that  is of full row rank,
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i.e., r ank() = l. Considering the system formulation, for the
following design and analysis, we further need a rank property
of G stated in the following lemma.
Lemma 1: The matrix G is of full row rank.
Proof: Since Ct +1 Bt is of full row rank, the lifted
matrix G also is of full row rank, i.e., r ank(G) = q N.
By the definition of , it is evident that r ank() = l. By the
Sylvesters rank inequality, we have r ank() + r ank(G) −
q N ≤ r ank(G), that is, r ank(G) ≥
l. On the
other hand, it is evident r ank(G) ≤ l. Thus, we find
r ank(G) = l.
C. Control Objective
For the standard ILC without any noise in the system,
the control objective is to find an input sequence, such that
ek  → 0 as k → ∞. The notation  ·  here denotes 2-norm
and this meaning will be kept through the rest of this paper.
However, this control objective is not suitable for the stochastic
system. Besides, since the focus of this paper falls on the
required reference points, all the components of ek may not be
available in applications. Therefore, a new performance index
is needed. Note that ek = yd −yk and yr = yd , and it leads to
ek = (yd − yk ) = yr − yk

(4)

as the real tracking information for input updating.
There is stochastic noise involved in yk , and thus, one
could not expect ek  → 0 as what have been done for
the deterministic system. However, one may expect that if the
associated stochastic noises are eliminated, the left part would
converge to zero. To be specific, denote ηk  yr − Guk , and
then, one would expect ηk −−−→ 0.
k→∞
Therefore, the control objective of this paper is to design
the ILC update law, such that uk → J ∗ , where J ∗  {u :
yr −Gu = 0}. Here, by uk → J ∗ , we mean that uk converges
to an element in J ∗ .
Remark 1: As shown in [12, Lemma 1], if G is of full
row rank, the feasible input u forms a space J ∗ of dimension
p N − l. In other words, J ∗ could be formulated as J ∗ =
{(G)† yr + u, u ∈ null(G)}, where (G)† denotes the
pseudoinverse of G.
Remark 2: It is worth pointing out that ηk denotes the
tracking error excluding the stochastic noises. Thus, ηk → 0
means the system output may accurately track the reference
yr asymptotically if noise effects of the current cycle do not
count. Since the system noises and measurement noises of the
current cycle could not be prior predicted, ηk → 0 is actually
the best tracking performance.
III. M AIN R ESULTS
In this section, the ILC algorithm is designed and analyzed.
Since the system matrices {At }, {Bt }, and {Ct } are unknown
prior, one could not directly calculate the corresponding
input u∗ , such that yr = Gu∗ or recursively generate the
input sequence based on system matrices.
To generate such an input sequence without using system
matrices, the KW stochastic approximation algorithm used
in [16] and [17] is introduced, where the random difference
is involved to estimate the gradient. To this end, we use

the following vector sequence {k , k = 1, 2, . . .}, where
pN
j
k ∈ R p N , k  [1k , 2k , . . . , k ]. All components k
are mutually independent and identically distributed random
variables satisfying the following conditions:
j

|k | < a, |

1
j
k

| < b, E

1
j

k

= 0 ∀k = 1, 2, . . . ,
j = 1, 2, . . . , p N.
j

It is also assumed that the sequence {k } is independent
of {k }. Define the p N-dimension vector


1 1
1
k =
,
, . . . , pN
k = 1, 2, . . .
1k 2k
k
Then, the ILC update algorithm is described as follows.
Let {ak }, {ck }, and {Mk } be the sequences of real numbers
satisfying the following conditions:
ak > 0, ak → 0,
ck > 0, ck → 0,

∞


ak
k=1
∞ 

k=1

Mk > 0,

Mk+1 > Mk ,

=∞

ak
ck

(5)

1+ δ

2

<∞

Mk → ∞.

(6)
(7)

The initial input u0 is simply set to be zero. Then, the
algorithm updates differently during the odd cycles and the
even cycles. For the odd cycle, the control is defined as
follows:
u2k+1 = u2k + ck k

(8)

while for the even cycle
u2(k+1) = u2k − ak

k
(e2k 2 )
ck

u2(k+1) = u2(k+1) 1[u2(k+1) ≤Mσk ]
σk =

k−1


1[u2(i+1) >Mσi ] , σ0 = 0

(9)
(10)
(11)

i=1

where 1[inequality] is an indicator function meaning that it
equals 1 if the inequality indicated in the bracket is fulfilled,
and 0 if the inequality does not hold.
Remark 3: The ILC algorithm applied to system (1) with
selected tracking points yr is given by (8)–(11), where the
random difference is applied to estimate the gradient, i.e., the
control update direction. Thus, prior information on system
matrices could be removed. In addition, an indicator function 1[·] is introduced to guarantee the boundedness of the
input sequence.
Remark 4: Here, we give some explanations on the parameters {ak }, {ck }, and {Mk }. ak denotes the learning step size
and it serves as the conventional learning gain incorporating
with the random difference. The decrease of ak is to make
a suppression of the stochastic noises. ck is used to reduce
the range of deviation asymptotically, which further leads to
a stable learning of the gradient. Mk is a technical trick to
avoid the divergence of the proposed algorithm and ensure a
stable improvement of the input sequence. The selection of
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these parameters should satisfy (5)–(7). Usually, ak and ck is
given as k −τ , where  and τ are suitable positive constants
and Mk is selected as 2k or 3k .
Then, the following theorem on convergence of the
algorithm could be established.
Theorem 1: Consider system (1) and assume A1 hold, then
the input sequence generated by (8)–(11) tends to J ∗ , i.e.,
uk → J ∗ as k goes to infinity.
Remark 5: Though the update laws are given based on
the KW algorithm, the convergence analysis is established
based on the convergence results of the well-known Robbins–
Monro (RM) stochastic approximation algorithm [20]–[22].
To be specific, the proof is carried out through two steps: first,
we transform the proposed update laws into the RM algorithm
formulation, and then, we show the almost sure convergence
by verifying the convergence conditions of corresponding RM
algorithms.
Remark 6: The differences between the odd and even
cycles lie in roles that they are played in the gradient estimation process. For the odd cycle, the control is involved by
a small perturbation, while for the subsequent even cycle, the
control is updated by estimating the gradient with the help of
trial information. The advantage of our ILC scheme is that it
could estimate its gradient based on input/output information,
which, therefore, is a data-based control method. In many
practical systems, the accurate math model is hard to get due
to the complex mechanism, time-varying environments, large
scale, and other factors. Thus, the proposed data-based method
is quite significant for practical applications.
Remark 7: Under the framework of point-to-point control,
it is easy to find that there is not only one solution in J ∗ ,
since G is of full row rank rather than full column rank.
Theorem 1 ensures that the input sequence would converge to
a limitation in J ∗ , but it does not guarantee that the limitations
for different experiment paths would be identical. Thus, there
is an interesting question: would the input sequence converge
to different limitations in different experiments? The answer
is no. As a matter of fact, the limitation of the input sequence
is (G)T (GG T T )yr . However, it is out of the scope of
this note, and thus, it is omitted.
Remark 8: The linear stochastic system is considered in
this paper. As is well known, most real-world problems
involve nonlinearities, and thus, one might be interested in
the extension to nonlinear systems. A possible way is making local linearization to the nonlinear system, as shown
in [13]. In addition, our algorithms require no information
on system matrices, and thus it is possible to deal with
nonlinear systems. However, the analysis would be much
complicated and we would like to address this problem in the
next step.
IV. I LLUSTRATIVE S IMULATION
Consider a LTV system with system matrices given as
follows:
⎤
⎡
0.5+0.1 sin(0.3t)
−0.07
−0.26
−0.03
0.38 + 0.15 sin(2π/t)
−0.3 ⎦
A=⎣
−0.1
−0.13
0.4 + 0.1t 2

Fig. 1.
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Norm of the control objective: ηk  = yr − Guk .

⎤
−1 + 0.1t 2
0.1
0
⎦
0
−1.2 + cos(0.5t)
0.4
B =⎣
0.2
0
−1 + 0.08t 2


1.8 − sin(0.6t)
0.5
0.3
C=
.
0.4
1.6+0.1 sin(0.2t) 1.2+0.15 sin(2π/t)
⎡

For simple illustration, let N = 6, and then yk ∈ R12 and
uk ∈ R18 . The noise k is assumed a zero-mean Gaussian
process noise with the covariance Q = 0.052 I .
Suppose the reference points are yd(2)(1), yd(2)(3), yd(1) (4),
(1)
and yd (6), where the superscript denotes the dimension of
the output vector, which describes the general point-to-point
tracking problem. That is
⎡
⎤
0 1 0 0 0 0 0 0 0 0 0 0
⎢0 0 0 0 0 1 0 0 0 0 0 0⎥
⎥
=⎢
⎣ 0 0 0 0 0 0 1 0 0 0 0 0 ⎦.
0 0 0 0 0 0 0 0 0 0 1 0
It is easy to verify that rank(G) = 4. The arbitrarily selected
reference trajectory is yr = [0.5 2 1.5 1]T .
The parameters for the algorithm are selected as follows.
j
k is uniformly distributed on [−1, −0.5] ∪ [0.5, 1], ∀k ≥ 1,
1 ≤ j ≤ 18. The iteration varying sequences {ak } and {ck }
choose ak = (1/((k + 200)0.95)) and ck = (1/((k + 1)0.65 )).
The expanding parameter Mk is Mk = 2k . The initial input
u0 is simply the zero vector. Then, the algorithm runs 1000
iterations following (8)–(11).
In order to illustrate the almost sure convergence of
the algorithm, the norm of the modified tracking error,
i.e., ηk = yr − Guk , is shown in Fig. 1. As is shown
in Section II, it suffices to demonstrate that ηk → 0. It is
shown in Fig. 1 that the error ηk reduces rapidly. This
further means that the tracking error will be caused mainly
by the system noises and measurement noises of the current
iteration asymptotically, while the noises cannot be eliminated
by any learning algorithm. This shows the effectiveness of
the algorithm from another perspective. That is, the proposed
algorithm has actually achieved the best tracking performance
under stochastic noises.
The whole output of the last iteration y1000 and the reference
points yr are shown in Fig. 2, where the solid line with cycles
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Theorem 2: Assume that the following H1–H4 hold.
H1: ak > 0, ak −−−→ 0, and ∞
k=1 ak = ∞.
k→∞
H2: There exists a continuously differentiable function v(·) :
R p → R, such that
sup

δ≤d(x,J )≤

Fig. 2.

Output of the last iteration y1000 and the reference points yr .

denotes all the components of the 12-dimension output of
the last iteration and the four squares denote the reference
points. The x-label 1–12 are corresponding to y (1)(1), y (2) (1),
y (1)(2),. . ., and y (2) (6). Thus, the four bold squares in Fig. 2
(2)
(2)
(1)
(1)
correspond to yd (1), yd (3), yd (4), and yd (6), respectively. It can be found from the figure that the system output
could track the reference points effectively under the noise
environment.
However, the outputs of the unrequested points are with no
consideration in the proposed algorithm. From simulations, we
find that the outputs of these positions change from simulation
to simulation. Therefore, the unrequested outputs leave much
freedom for us to design the algorithm for seeking more
optimization objectives or satisfying more constraints. It is an
interesting and open topic in the stochastic point-to-point ILC
problem.
V. C ONCLUSION
In this paper, an ILC is designed for the stochastic pointto-point control problem without prior information on system
matrices. A gradient estimating method, namely, the KW
stochastic approximation algorithm is introduced to design
the ILC update law. The ILC algorithm is proved convergent
and optimal with probability one under mild conditions. For
further research, it is of interest to consider how to reduce the
dimension of the ILC algorithm and improve the convergence
rate. It is also of interest to consider other control objectives,
such as LQG problem or energy cost constraints.

i=n k

if K is sufficiently large, where m(k, T )  max{m :
m
i=k ai ≤ T }.
Then, with any initial value x 0 , x k defined by (12)–(14)
converges to J with probability one.
Proof of Theorem 1: Denote
Lk 

k→∞

k
(yr − Gu2k+1 − G2k+1 2
ck
− yr − Gu2k − G2k 2 )
k
(yr − Gu2k+1 2 − yr − Gu2k 2
=
ck

Lk =

+ G2k+1 2 − G2k 2
− 2(yr − Gu2k+1 )T G2k+1
+ 2(yr − Gu2k )T G2k )
=

k
(yr − Gu2k − Gck k 2
ck
− yr − Gu2k 2 + G2k+1 2 − G2k 2
− 2(yr − Gu2k )T G2k+1
+ 2(yr − Gu2k )T G2k )

=

k
(−2ck (Gk )T (yr − Gu2k )
ck
+ Gck k 2 + G2k+1 2 − G2k 2

(12)

+ 2ck (Gk )T G2k+1

(13)

+ 2(yr − Gu2k )T G2k )

(14)

(15)

where ek = yr − Guk − Gk . Thus

− 2(yr − Gu2k )T G2k+1

x k+1 = (x k + ak yk+1 )1[xk +ak yk+1 ≤Mσk ]

i=1

k
(e2k+1 2 − e2k 2 )
ck

+ 2ck (Gk )T G2k+1

The following convergence theorem of stochastic approximation comes from [22].
Let f (·) : R p → R p and J  {x : f (x) = 0}. Take a
sequence of positive real numbers Mk satisfying Mk+1 > Mk ,
Mk −−−→ ∞. Consider the following algorithm:

yk+1 = f (x k ) + εk+1
k−1

1[xi +ai yi+1 >Mσi ] , σ0 = 0.
σk =

∂v(x)
<0
∂x

for any  > δ > 0, where d(x, J ) = inf y {x − y, y ∈ J },
v(J ) is nowhere dense. Furthermore, there exists a constant
c0 > 0, such that x ∗  < c0 and v(x ∗ ) < inf x=c0 v(x).
H3: The function f (·) is measurable and locally bounded.
H4: Along the subscripts {n k } of any convergent subsequence x nk



m(nk ,Tk )



1

lim lim sup 
a
ε
1
i i+1 [x i ≤K ]  = 0 ∀Tk ∈ [0, T ]

T →0 k→∞ T 


A PPENDIX

+ x ∗ 1[xk +ak yk+1 >Mσk ]

f T (x)

= − 2(G)T (yr − Gu2k )
− δk + γk + θk + α2k+1 − α2k − β2k+1 + β2k
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where

By



δk = 2 k kT − I (G)T (yr − Gu2k )
θk = 2k kT (G)T G2k+1
k
α2k+1 =
G2k+1 2
ck
k
α2k =
G2k 2
ck
k
β2k+1 = 2 (yr − Gu2k )T G2k+1
ck
k
β2k = 2 (yr − Gu2k )T G2k .
ck

i=1

Comparing with Theorem 2 in the Appendix, to show that
u2k converges to J ∗ , conditions H1–H4 should be satisfied.
H1 is fulfilled by the selection of ak .
For H2, select the Lyapunov function as v(x) =
(yr − Gx)T G(G)T (yr − Gx), and then
∂v(x)
g(x)
∂x
= −2(yr − Gx)T G(G)T G(G)T (yr − Gx).
Noticing that v(J ∗ ) = 0, it is nowhere dense. Besides, H2 is
fulfilled as x ∗ = 0.
In the present case, g(x) is a linear function, and thus, H3
is valid.
Thus, it only remains to verify H4.
Since ck → 0 as k → ∞, one can get



m(k,T
k)



1

lim lim sup 
a
γ
(16)
i i  = 0 ∀Tk ∈ [0, T ].

T →0 k→∞ T 

i=k
Therefore, to check condition H4, it suffices to show
∞

ak [−δk + θk + α2k+1 − α2k

First, check the term ak (α2k+1 − α2k ). It is noticed
α2k+1 − α2k
k
=
(G2k+1 2 − G2k 2 )
ck


k  
T
T
=
(G)T
tr G2k+1 2k+1
G2k 2k
ck



k  
T
=
tr G 2k+1 2k+1
− Q (G)T
ck




T
− tr G 2k 2k
− Q (G)T .

(19)

since α2k+1 and α2k are independent of u2k .
Next, check the term ak (β2k+1 − β2k ). Notice that u2k is
independent of 2k+1 and 2k , and k also is independent of
2k+1 and 2k ; therefore, again by the convergence theorem
for martingale difference sequence [23]
∞

ak (β2k+1 − β2k )1[u2k <K ] < ∞, a.s.
(20)
k=1

1[u2(i+1) >Mσi ] , σ0 = 0.

− β2k+1 + β2k ]1[u2k <K ] < ∞, a.s.

ak (α2k+1 − α2k )1[u2k <K ] < ∞, a.s.

k=1

u2(k+1) = (u2k − ak g(u2k ) − ak ξk )
× 1[u2k −ak g(u2k )−ak ξk ≤Mσk ]

k=1

T
−
{((k )/(ck ))tr(G(2k+1 2k+1

k=1

and hence
∞


Set g(x) = 2(G)T (yr − Gx) and ξk = −δk + γk + θk +
α2k+1 − α2k − β2k+1 + β2k , and then, the algorithm (9)–(11) is

σk =

A1,

T − Q)(G)T )} are
Q)(G)T )} and {((k )/(ck ))tr(G(2k 2k
the sequences of zero-mean mutually independent random
vectors with bounded moments. Then, by the convergence
theorem for martingale difference sequence [23]
∞

ak (α2k+1 − α2k ) < ∞, a.s.
(18)

γk = ck k Gk 2

k−1


assumption
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Now, it comes to ak θk . Notice that k is independent of
2k+1 , and both k and k are bounded. Besides, 2k+1 is a
martingale difference sequence. Thus
∞

ak k kT (G)T G2k+1 < ∞, a.s.
(21)
k=1

and hence

∞


ak θk 1[u2k <K ] < ∞, a.s.

(22)

k=1

since θk is independent of u2k .
Finally, consider the term ak δk . It is noticed that
⎡
pN
2k
k
3k
0
·
·
·
⎢
⎢
1k
1k
1k
⎢
pN
⎢ 1
3k
k
⎢ k
0
·
·
·
⎢ 2
⎢ k
2k
2k
⎢
pN
⎢
k
1
2k
k kT − I = ⎢
⎢ k3
0
···
⎢ 
3k
3k
⎢ k
⎢ .
..
..
..
..
⎢ ..
.
.
.
.
⎢
⎢
⎢ 1
2
3
k
k
⎣ k
···
0
pN
pN
pN
k
k
k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥. (23)
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

j

(17)

Because ik and k are mutually independent, ∀i = j ; thus,
j
E(k kT − I ) = 0. Moreover, both ik and (1/(k )) are
bounded, ∀i, j ; thus, k kT − I has a finite moment of 2 + δ.
In addition, k kT − I is independent of u2k . Therefore, one
has
∞

ak δk 1[u2k <K ] < ∞, a.s.
(24)
k=1

Thus, the condition H4 is verified, and the convergence
theorem in the Appendix can be applied. As a result, one has
u2k −−−→ J ∗ , a.s.
k→∞

(25)
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Since ck k −−−→ 0, from (8) and (25)
k→∞

uk −−−→ J ∗ , a.s.
k→∞

This completes the proof.

(26)
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