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a b s t r a c t
This paper proposes two novel improved iterative learning control (ILC) schemes for systems with
randomly varying trial lengths. Different from the existing works on ILC with variable trial lengths that advocate to replace the missing control information by zero, the proposed learning algorithms are equipped
with a searching mechanism to collect useful but avoid redundant past tracking information, which
could expedite the learning speed. The searching mechanism is realized by the newly defined stochastic
variables and an iteratively-moving-average operator. The convergence of the proposed learning schemes
is strictly proved based on the contraction mapping methodology. Two illustrative examples are provided
to show the superiorities of the proposed approaches.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
In our daily lives, one could complete a given task and improve
the performance gradually provided that the operation is repeated.
Such process for human being is usually called the learning process.
Inspired by this basic cognition, iterative learning control (ILC)
theory is developed for systems that are able to complete tasks over
a fixed time interval and perform them repeatedly. By synthesizing
the control input from the previous control input and tracking
error, the controller is able to learn from the past experience and
improve the current tracking performance. Since first introduced
by Arimoto in 1980s [1], ILC has attracted much attention from
both scholars and engineers over the past three decades and many
achievements have been made [2–13].
When considering learning, a basic premise is that the desired
task should be performed under same conditions such as identical
initial condition and identical trial length for all iterations. In fact,
such premise has been assumed in most ILC literature. However,
one may find that this assumption is commonly violated in many
practical applications due to system uncertainties. That is, the trial
lengths may vary in the iteration domain. For instance, [14–17]
provided several practical systems that run repeatedly but the
trial lengths are not identical due to the complex external environments. Specifically, [14] investigated the application of ILC
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to humanoid robots, where the gaits problems were divided into
phases defined by foot strike times and the durations of the phases
were usually not the same from iteration to iteration during the
learning process. Moreover, two biomedical systems including
functional electrical stimulation for upper limb movement and for
gait assistance were introduced in [15–17]. Due to the unknown
dynamics and related complex factors, the learning process might
end earlier and start the next iteration. Another example is the
trajectory tracking with output constraints on a lab-scale gantry
crane given in [18]. When the output constraints were violated, the
load was wound up and the trial was terminated, which results in
variable pass lengths for ILC [18]. Motivated by these observations,
ILC problem with iteration-varying trial lengths has attracted more
and more attention in recent years.
In the existing literature, there are some works addressing ILC
design problems with non-uniform trial lengths from different
technical perspectives [16–24]. First, Li et al. proposed an ILC
framework for both discrete-time linear and continuous-time nonlinear systems with randomly varying trial lengths by introducing
a stochastic variable to describe the randomness of trial lengths
in [19] and [21], respectively. In [19], to deal with the randomly
varying trial lengths, an iteration-average operator of all historical data was employed in the ILC algorithm to reduce the effect
of the lost tracking information. While in [21], instead of using
all historical control information, an iteratively-moving-average
operator is adopted in ILC law where only the most recent control information will be utilized for learning since ‘older’ control
information would reduce the corrective action from the most
recent trials. Moreover, to avoid the utilization of λ-norm, a lifted
framework of ILC for discrete-time linear systems was provided
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in [20]. However, it is worthy noting that the convergence of the
tracking errors in [19–21] is derived in the sense of mathematical
expectation. Fortunately, there are some works showing stronger
convergence properties of ILC with non-uniform trial lengths. For
example, the almost sure and mean square convergence of a Ptype ILC was established in [23,24]. Specifically, [23] considered
a discrete linear system where the path statistic properties of the
input error, namely, mathematical expectations and covariances,
were first recursively calculated along the iteration axis. Based
on the recursions of expectations and covariances of the input
error, the convergence in the sense of expectation, mean square,
and almost sure was derived in sequence. In [24], the ILC design
problem was extended to a class of affine nonlinear systems,
where the techniques used in [23] were no longer applicable
for nonlinear systems. Thus, a modified λ-norm and a technical
lemma were introduced to pave the way of showing the almost
sure convergence of the tracking error. Furthermore, Seel et al.
also contributed much on this topic, where the main focus lies
in the monotonic convergence property [15,18,22] and practical
applications [16,17]. A primary result is given in [15], where the
authors presented the conditions of learning gain matrix for ensuring monotonic convergence. However, the calculations of the
learning gain rely upon a completely known system model, which
restricts the applicability of the proposed algorithm. A similar
technique was applied to the trajectory tracking problem of a labscale gantry crane in [18]. The extended version of monotonic
convergence with more detailed explanations was reported in a
recent paper [22]. Additionally, [16,17] apply ILC with variable
pass lengths in the Functional Electrical Stimulation (FES)-based
treatment systems for strike patients. These two works also show
that the addressed problem has great significance in real-time
applications. However, it is worthwhile to highlight that a common
feature of the works [18–24] on ILC with non-uniform trial lengths
is to replace the missing tracking error information with zero. That
is, when the tracking information is not available due to varying
trial lengths, the lacked data is set to be zero. Therefore, how to
develop a new ILC algorithm that is able to improve the control
performance for systems with iteration-varying trial lengths, is an
interesting and challenging problem.
Motivated by the above observations, in this paper, two novel
improved ILC schemes are proposed for a class of discrete-time
linear systems with randomly varying trial lengths. Different from
the previous works on ILC with variable trial lengths that advocate
to replace the missing tracking information by zero, the proposed
learning algorithms are equipped with a searching mechanism to
collect useful but avoid redundant past control information, which
could expedite the learning speed. The searching mechanism is realized by introducing a new stochastic variable and an iterativelymoving-average operator.
The aim and main contribution of this paper is to reduce the
impact of the randomly varying trial lengths to the learning control
algorithm and to expedite the convergence speed. To achieve the
objective, two ILC laws are proposed. More precisely, the first ILC
scheme is proposed to reduce the redundant control information,
which appears in the design of ILC laws in [19–21], while the
second one is developed to make full use of the effective previous
control information to further expedite the learning speed. In addition, the almost sure convergence for both ILC schemes is provided
in a rigorous way.
The rest of the paper is organized as follows. Section 2 presents
the problem formulation. Section 3 and 4 contribute to the controller design and convergence analysis. Furthermore, numerical
simulations are given in Section 5 to verify the validation of the
proposed control algorithms. Section 6 draws a conclusion of this
work.

Notations. R is the real set and Rn is the n-dimensional
space. N is the set of positive integers. ∥ · ∥ denotes the Euclidean norm of its indicated vector or matrix. Denote ∥f(t)∥λ ≜
supt ∈{0,1,2,...,T } α −λt ∥f(t)∥ and ∥f(t)∥s ≜ supt ∈{0,1,2,...,T } ∥f(t)∥ the
λ-norm and s-norm of a vector function f(t) respectively with λ >
0 and α > 1.
2. Problem formulation
Consider the following discrete-time linear system
xk (t + 1) = Axk (t) + Buk (t),
yk (t) = C xk (t),

(1)

where k ∈ N is the iteration index, t ∈ {0, 1, 2, . . . , Tk } denotes the
time instant, and Tk is the trial length at the kth iteration. Moreover,
xk (t) ∈ Rn , uk (t) ∈ Rp , and yk (t) ∈ Rr denote the state, input,
and output of the system (1), respectively. Furthermore, A, B and
C are constant matrices with appropriate dimensions. It is worth
to point out that the results and convergence analysis in this paper
can be extended to linear time-varying systems straightforwardly,
and thus we just consider the time-invariant case to clarify our
idea. Let yd (t), t ∈ {0, 1, 2, . . . , Td } be the desired output trajectory.
Assume that, for any realizable output trajectory yd (t), there exists
a unique control input ud (t) ∈ Rp such that
xd (t + 1) = Axd (t) + Bud (t),
yd (t) = C xd (t),

(2)

where ud (t) is uniformly bounded for all t ∈ {0, 1, 2, . . . , Td } with
Td being the desired trial length.
The control objective is to tack the desired trajectory yd (t), t ∈
{0, 1, 2, . . . , Td } by determining a sequence of control inputs uk
such that the tracking error converges as the iteration number k
increases.
Before addressing the controller design problem, the following
assumptions are imposed.
A 1. The coupling matrix CB is of full-column rank.
A 2. The initial states satisfy ∥xd (0) − xk (0)∥ ≤ ϵ , ϵ > 0.
Remark 1. The initial state resetting problem is one of the fundamental issues in ILC field as it is a standard assumption to ensure
the perfect tracking performance. In the past three decades, some
papers have devoted to remove this condition by developing additional control mechanisms such as [25–27]. Under assumption A2,
since the initial state is different from the desired initial state,
it is impossible to achieve the perfect tracking. Instead, the ILC
algorithms should force the system output to be as close as possible
to the target.
Remark 2. It is worthy noting that, unlike the classic ILC theory
that requires control tasks to repeat on a fixed time interval, the
trial lengths Tk , k ∈ N are iteration-varying and may be different
from the desired trial length Td . For the case that the kth trial length
is shorter than the desired trial length, both the system output
and the tracking error information will be missing and cannot be
used for learning. Thus, this paper aims to re-design ILC schemes
to make up the missing signals by making full use of the previous available tracking information, and thus expedite the learning speed. Although some previous works have been published
[19–21], a basic assumption is that the probability distribution
of Tk is known prior. In this paper, the proposed ILC algorithms
will be equipped with an automatic searching mechanism, thus
the probability distribution of randomly varying trial lengths is no
longer required.
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kth iteration, while γk (t) = 0 denotes the event that the control
process cannot continue to the time instant t.
Based on the notations above and A3, the first proposed ILC law
is presented as follows
(I) :

uk+1 (t) =

1

m
∑

m − nkt

j=1

+

1

Γ
k

m − nt

γk+1−j (t)uk+1−j (t)
m
∑

γk+1−j (t)ek+1−j (t + 1),

(3)

j=1

where Γ is the learning gain matrix to be determined, and ek ≜
yd − yk represents the tracking error.

m
Fig. 1. Illustration of Sm
t ,k : set m = 5 and t = 9, then St ,k = {Tk , Tk−3 , Tk−4 }, which

implies that nkt = 3 and m − nkt = 2.

3. Controller design I and convergence analysis
In this section, a novel ILC algorithm will be developed to reduce
the effect of redundant tracking information in the ILC algorithms
in [19,21] and thus could expedite the convergence speed.
Recall that Tk is the trial length at kth iteration. It varies in the
iteration domain randomly. Denote
Sm
t ,k ≜ {Tk+1−j | t > Tk+1−j , j = 1, 2, . . . , m}
where m > 1 is an integer. Let nkt = |Sm
t ,k | be the amount of
elements in the set Sm
t ,k . That is, for a given time instant t > 0 and a
given iteration k, there are only m − nkt iterations with the available
tracking information in the past m iterations, and the tracking
information at other iterations are missing. To show the definition
k
of the set Sm
t ,k and the number nt , a simple example is illustrated
in Fig. 1. It is worthy pointing out that the number nkt is a random
variable due to the randomness of the trial lengths. If we denote
the probability of the occurrence of the output at time instant t
as p(t), the mathematical expectation of nkt can be calculated as
E{nkt } = p(t)m. Therefore, m − nkt would increase to infinity as
m goes to infinity in the sense of mathematical expectation. This
property guarantees the reasonability of the following assumption.

Remark 4. From (3), we can see that the stochastic variable γk (t)
is also adopted in the control input part, i.e., the first term on
the right-hand side of (3). It implies that if the trial length is
shorter than the given time t, both the corresponding input and
tracking error signals will not be involved in the updating. The
major difference between ILC law (3) and the ones in [19,21] lies in
that the average operator will not incorporated redundant control
information into the learning law, and thus the convergence speed
could be expedited.
Remark 5. The initial m input and tracking error signals in the
searching algorithm can be determined by using other control
methods such as the classic feedback control that can stabilize the
controlled system, and they will not affect the final convergence
performance.
The convergence of the proposed ILC scheme (3) can be summarized in the following theorem.
Theorem 1. Consider the system (1) and the ILC law (3). Assume that
A1-A3 hold. If the following condition holds,

∥I − Γ CB∥ ≤ ρ < 1,

(4)

then the tracking error ek will converge to the δϵ -neighborhood of
zero asymptotically in the sense of λ-norm as k goes to infinity, where
δ > 0 is a suitable constant to be defined later.
Proof. Denote ∆xk = xd − xk the state error, ∆uk = ud − uk the
input error, and ek = yd − yk the tracking error.
Subtracting both sides of the updating law (3) from ud , we have

∆uk+1 (t) =
A 3. For a given iteration number k and a time instant t ∈
{0, 1, . . . , Tk }, the number m − nkt ≥ 1. That is, there exists at least one
iteration whose trial length is larger than t in the past m consecutive
iterations.

1

m
∑

m − nkt

j=1

−

1

γk+1−j (t)∆uk+1−j (t)
m
∑

Γ
k

m − nt

γk+1−j (t)ek+1−j (t + 1).

(5)

j=1

From (1) and (2), it gives
Remark 3. The assumption A3 is imposed to guarantee the learning effectiveness. If m − nkt = 0, it gives Tk+1−j < t for j =
1, 2, . . . , m, namely, all trial lengths of the adjacent m iterations
before the (k + 1)th iteration are shorter than the given time
t. This further means that at time instant t, there is no output
information available and nothing can be learned from the past m
iterations. By assuming m − nkt ≥ 1, the effective learning process
can be guaranteed. However, this assumption is not restrictive
as m − nkt would increase to infinity as m goes to infinity. In
addition, assumption A3 implies that the iteration-varying trial
lengths are not totally stochastic in this section. This assumption
would be further relaxed in Section 4.
Similar to [19–21], we introduce a stochastic variable γk (t), t ∈
{0, 1, . . . , Td }, satisfying Bernoulli distribution and taking binary
values 0 and 1. The relationship γk (t) = 1 represents the event
that the control process can continue to the time instant t at the

ek (t + 1) = CA∆xk (t) + CB∆uk (t).

(6)

Substituting (6) into (5) implies

∆uk+1 (t) =

1

m
∑

m − nkt

j=1

−

1

Γ
k

γk+1−j (t)∆uk+1−j (t)
m
∑

m − nt

[
γk+1−j (t) CA∆xk+1−j (t)

j=1
]
+ CB∆uk+1−j (t)
m
∑
1
=
γk+1−j (t)(I − Γ CB)∆uk+1−j (t)
m − nkt
j=1

−

1

Γ CA
k

m − nt

m
∑
j=1

γk+1−j (t)∆xk+1−j (t).

(7)

12
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Since ∆xk (t) = At ∆xk (0) +

∑t −1

t −n−1
B∆uk (n),
n=0 A

it follows that

∆uk+1 (t)

=

1

m
∑

m − nkt

j=1

1

−

Γ CA

t +1

m − nkt

max

m
∑

nkt

m−

j=1,2,...,m

γk+1−j (t)∆xk+1−j (0)

Γ CA

γk+1−j (t)

j=1

∑

At −n−1 B∆uk+1−j (n).

n=0

∥∆uk+1 (t)∥
m
∑

1
m − nkt

+ κα

where

m−
1
m−nkt

which implies the convergence of maxp=1,...,m Qk+p , i.e., limk→∞
∥∆u(t)∥λ = 1καϵ
.
−ρ

t −1

∑

κβ

γk+1−j (t)

∑

j=1

∑m

α t −n ∥∆uk+1−j (n)∥,

(9)

γ

= 1, α ≥ ∥A∥, β ≥ ∥B∥, and κ ≥ ∥Γ C ∥

are applied. Multiplying both sides of (9) by α −λt , and taking the
supremum with respect to the time t, we have

∥∆uk+1 (t)∥λ ≤

1

m
∑

m − nkt

j=1

1

+ καϵ +
× sup α

γk+1−j (t)∥I − Γ CB∥∥∆uk+1−j (t)∥λ

m − nkt

−λt

( t −1
∑

t

κβ

m
∑

γk+1−j (t)

j=1

)
α

t −n

∥∆uk+1−j (n)∥ .

(10)

n=0

Note that
sup α

−λt

( t −1
∑

t

)
α

t −n

∥∆uk+1−j (n)∥

n=0

= sup α

−(λ−1)t

( t −1
∑

t

)
α

−λn

∥∆uk+1−j (n)∥α

n=0

≤ sup α

−(λ−1)t

( t −1
∑

t

n=0

)
sup(α

−λn

n

= ∥∆uk+1−j (t)∥λ sup α −(λ−1)t
t

≤

(λ−1)n

1 − α −(λ−1)Td

∥∆uk+1−j (n)∥)α
t −1
∑

(λ−1)n

α (λ−1)n

n=0

∥∆uk+1−j (t)∥λ ,

α λ−1 − 1

(11)

thus, (10) becomes

∥∆uk+1 (t)∥λ ≤

1

m
∑

m−

nkt
j=1

γk+1−j (t)ρ0 ∥∆uk+1−j (t)∥λ + καϵ

≤ ρ0 max ∥∆uk+1−j (t)∥λ + καϵ,
j=1,2,...,m

(
≜
∥I − Γ CB∥ +

where ρ0
1
m−nkt

∑m

γ

κβ (1−α −(λ−1)Td )
α λ−1 −1

(12)

Qk+1 ≤ ρ0

max

0

Qk+1−j .

αλ − α

∥∆uk (t)∥λ ,

(15)

where c = ∥C ∥. Due to the convergence of ∥∆uk (t)∥λ , we can obtain the convergence of ∥ek (t)∥λ to a neighborhood of zero where
the bound is proportional to ϵ . In other words, there exists an
appropriate δ > 0 such that limk→∞ ∥ek (t)∥λ ≤ δϵ . This completes
the proof. □
Remark 6. It is noted that the convergence condition given in
Theorem 1, i.e., (4), is the same as the one in classic ILC, which is
irrelevant with the probability distribution of the randomly varying trial lengths. This is one of the advantages of the proposed ILC
scheme since it is shown that the same convergence condition can
be applied to deal with more complex control problems. Although
the probability distribution of the trial length is not involved in (4),
different probability distribution will lead to different convergence
speed. In details, for a given time instant t, the greater probability
of the event Tk ≥ t, the faster the convergence speed. This can
be verified from (14). For a greater probability of Tk ≥ t, we
can select a smaller m, which indicates (14) will converge faster.
However, due to the lack of analysis tools, currently it is difficult to
present an analytic expression for the probability distribution and
the convergence speed. This is an interesting problem, and should
be addressed in future work.
Remark 7. The choice of m in the controller (3) depends on the
length of the random interval for the trial length Tk . If the random
interval is long, it implies that the trial length varies drastically
in the iteration domain. In such a case, more previous trials will
expedite the convergence speed because some of the missing information can be made up. While if the random interval is short,
which means that the trial length in each iteration changes slightly
and is close to the desired trial length, it is better to use a small
number of previous trials. When the randomness is low, a large
number of past trials may adversely weaken the learning effect
because the large averaging operation would reduce the corrective
action from the most recent trials.

, and the equation

= 1 is applied.
= ∥∆uk+1 (t)∥λ − 1καϵ
. From (12), it follows that
−ρ

j=1,2,...,m

1 − α −(λ−1)Td

4. Controller design II and convergence analysis

)

j=1 k+1−j (t)

Define Qk+1

∑t −1

Moreover, ek (t) = CAt ∆xk (0) + C n=0 At −n−1 B∆uk (n). Taking
λ-norm on both sides of this equation gives

∥ek (t)∥λ ≤ c ϵ + c β

n=0

j=1 k+1−j (t)

(14)

j=1,...,m

0

m

nkt

and it follows that Qk+2 ≤ ρ0 maxj=1,...,m Qk+1−j . By induction, we
can obtain that Qk+p ≤ ρ0 maxj=1,...,m Qk+1−j , p = 1, 2, . . . , m.
Therefore, it gives
max Qk+p ≤ ρ0 max Qk+1−j ,

ϵ

1

+

j=1,...,m

p=1,...,m

γk+1−j (t)∥I − Γ CB∥∥∆uk+1−j (t)∥

j=1

t +1

j=1,2,...,m

= max Qk+1−j ,
(8)

Taking norm to both sides of (8), we can obtain that

≤

j=2,...,m
j=1,...,m

t −1

∑

Qk+2−j ≤ max{ max Qk+2−j , Qk+1 }

≤ max{ max Qk+1−j , ρ0 max Qk+1−j }

j=1
m

1

−

γk+1−j (t)[I − Γ CB]∆uk+1−j (t)

If Qk+1 ≤ 0, it means that ∥∆uk+1 (t)∥λ has entered the 1καϵ
−ρ0
neighborhood of zero and will stay in the neighborhood. Thus,
to show the bounded convergence, it is sufficient to analyze the
scenario with Qk+1 > 0. Similar to (13), we have that Qk+2 ≤
ρ0 maxj=1,2,...,m Qk+2−j . Note that

(13)

In this Section, we will develop a new ILC law to make full use
of the previous control information, which thus could expedite the
learning speed.
In order to facilitate the controller design, the following assumption is first imposed.
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Theorem 2. Consider system (1) and ILC law (16). Assume A1, A2,
and A4 hold. If the following condition holds,

∥I − Γ CB∥ ≤ ρ < 1,

(17)

then the tracking error ek will converge to the δϵ -neighborhood of
zero asymptotically in the sense of λ-norm as k goes to infinity, where
δ > 0 is a suitable constant.
Proof. For a given time instant t, let Gt ≜ {Tk | Tk > t , k =
1, 2, . . .}. Define a new sequence 1 ≤ σ1 < σ2 < · · · < σi < · · ·
and assume Tσi is the ith elements of Gt . Then Gt can be represented
as Gt = {Tσ1 , Tσ2 , . . . , Tσi , . . .}. For a given iteration number k, if
σi < k + 1 ≤ σi+1 and i ≥ m, by the definition of Gt , the ILC law
(16) can be rewritten as follows
uk+1 (t) =

Fig. 2. Illustration of A3: set m = 4 and t = 9, then we can find that Tj > t,
j = k − 1, k − 2, k − 5, k − 6, which implies that rk,1 = 2, rk,2 = 3, rk,3 = 6, rk,4 = 7.

A 4. For a given iteration number k > m and a time instant t ∈
{0, 1, . . . , Tk }, we can find m past iterations such that Tk+1−rk,j > t,
j = 1, 2, . . . , m, where rk,j , j = 1, 2, . . . , m is an increasing sequence
with 1 ≤ rk,j ≤ k being an integer.
Remark 8. The assumption A4 is reasonable since we can always
find enough past iterations satisfying the assumption after a sufficiently large number of iterations. Otherwise, the learning process
cannot be guaranteed. In practical, only the first few iterations
may not satisfy A4. For these iterations, we can adopt the control
algorithm in Section 3 or the ones in [19–21] if necessary, which
will not affect the convergence of the learning algorithm. A simple
example of A4 is illustrated in Fig. 2.
Based on A4, the second proposed ILC law is given as follows
(II) :

uk+1 (t) =

m
1 ∑

m

j=1

uk+1−rk,j (t) +

1
m

Γ

m
∑

ek+1−rk,j (t + 1). (16)

j=1

Remark 9. From (16), it can be found that rk,j , j = 1, 2, . . . , m are
random variables because of the randomness of the trial lengths.
The introduction of these random variables actually forms the
searching mechanism in the control algorithm. By fully searching
and utilizing the available tracking information, (16) is able to
increase the convergence speed.
Remark 10. In this work, the ILC laws (3) and (16) are totally
different. Based on A3, the searching mechanism in ILC law (3)
is restricted in the last m iterations. Within the last m iterations,
(3) incorporates all the available information into the controller.
The main advantage for the controller (3) is some of ‘too old’
tracking information, which may weaken the correction from the
latest iterations, can be avoided. However, the drawback is that
the available historical information may be too scanty to improve
the learning process if the probability of the occurrence of full trial
length is small. While for the ILC law (16), it keeps searching until
m available output signals are found. This controller is good at
collecting all useful past control information, but the information
far away from the currently iteration may degrade the learning
performance. The comparison of these two ILC laws will presented
in the numerical examples.
The second main result of this paper is summarized in the
following theorem.

m
1 ∑

m

uσi+1−j (t) +

j=1

1
m

Γ

m
∑

eσi+1−j (t + 1).

(18)

j=1

Moreover, the control input will not be updated from iteration
σi + 1 to σi+1 , namely,
uσi +1 (t) = · · · = uk+1 (t) = · · · = uσi+1 (t).

(19)

Therefore, (18) and (19) imply that
uσi+1 (t) =

m
1 ∑

m

uσi+1−j (t) +

j=1

1
m

Γ

m
∑

eσi+1−j (t + 1).

(20)

j=1

Hence, it is sufficient to prove the convergence of the input sequence uσi , i = 1, 2, . . . .
Similar to the proof of Theorem 1, the following inequality can
be obtained

∥∆uσi+1 (t)∥λ ≤ ρ0 max ∥∆uσi+1−j (t)∥λ + καϵ.
j=1,2,...,m

(21)

Then following the same procedure as the latter part proof of
Theorem 1, the convergence of the input sequence can be derived
limi→∞ ∥∆uσi (t)∥λ = 1καϵ
, which further gives limk→∞ ∥∆uk (t)∥λ
−ρ0
= 1καϵ
.
Finally,
the
convergence
of the tracking error can be
−ρ0
proved similarly as the proof of Theorem 1, i.e., limk→∞ ∥ek (t)∥λ ≤
δϵ . The proof is thus completed. □
Remark 11. The learning algorithm (16) is stochastic due to the
randomness of rk,j . It seems that the algorithm (16) is deterministic
but it is essentially stochastic because of the stochastic selection
of suitable iterations, which can be seen from the subscripts of
inputs and tracking errors. In addition, due to the introduction
of randomly varying trial length, the convergence analysis in this
paper uses a sequential contraction mapping as can be seen from
(14) and (21). The major difference between the two recursions lies
in that the sequential contraction in (14) is deterministic while in
(21) is stochastic.
Remark 12. Similar results and convergence analysis can be extended to linear time-varying systems, namely, A = A(t), B = B(t)
and C = C (t), and nonlinear systems with Lipschitz continuous
uncertainties without significant efforts. For nonlinear systems
without Lipschitz conditions, composite energy function (CEF)
would be an optional approach. However, CEF-based ILC design
with iteration-varying trial lengths is still an open problem.
Remark 13. In ILC field, 2D approach is another preferable analysis
tools. For instance, in [28] 2D approach is applied to analyze the
stability property of an inferential ILC, and in [29] a systematic procedure for ILC design by using 2D approach is developed. Therefore,
investigating ILC with non-uniform trial lengths by 2D method
would be an interesting research topic. Although there is no work
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reported on this topic in literature, it is not difficult to reformulate
the problem addressed in this paper into 2D framework. Due to the
variation of the trial lengths, the stochastic variable is still needed
to modify the 2D variables when they are unavailable/missing.
However, for nonlinear systems, it is difficult to apply 2D approach.
5. Illustrative example
In order to show the effectiveness and superiority of the proposed ILC schemes, the same discrete-time linear system (A, B, C )
in [19] is considered, where

(

C = 0

0

0
0.30
0.25

1.00
0
,
−0.25

)

(
B=

0
0
,
1.00

)

1.00 .

)

Let the desired trajectory be yd (t) = sin(2π t /50) + sin(2π t /5) +
sin(50π t), t ∈ Id ≜ {0, 1, . . . , 50}, and thus Td = 50. Without
loss of generality, set u0 (t) = 0, t ∈ Id in the first iteration.
Moreover, assume that the trial length Tk varies from 30 to 50
satisfying discrete uniform distribution. This assumption is just a
simple illustration. For other kinds of probability distribution, the
proposed ILC scheme still works well since the probability distribution of trial lengths is not involved in the convergence conditions
(4) and (17), and the influence of the probability distribution has
also been discussed in Remark 6.

Fig. 3. The maximal tracking error profiles of the proposed ILC scheme (I) and the
one in [19] (i.e., (Li et al., 2014)) under identical initial condition.

2
1.5
1
0.5
Outputs

0.50
A = 0.15
−0.75

(

0
-0.5

5.1. Simulations for ILC law (I)
In this subsection, let m = 4 and the learning gain is set
as L = 0.5, which renders to ∥I − LCB∥ = 0.5 < 1. Firstly,
we consider the case with identical initial condition, i.e., xk (0) =
[0, 0, 0]T , k ∈ N. The performance of the maximal tracking error,
∥ei ∥s ≜ supt ∈Id ∥ei ∥, is presented in Fig. 3. It shows that the maximal
tracking error ∥ei ∥s decreases from 1.945 to 0.0004 within 100
iterations. Meanwhile, to show the effectiveness of the proposed
ILC scheme, the comparisons with the ILC law in [19] is also given
in Fig. 3. It is obvious that by removing the redundant control input
signal in the control laws, the proposed ILC scheme outperforms
the one in [19]. In detail, it can be seen that the convergence of ILC
law (I) is much faster and smoother, which could be more desirable
to practical applications. It is noted that oscillations in the tracking
error profiles in Fig. 3 are due to the variation of the trial lengths.
The tracking performance of the ILC law (I) at different iterations
is shown in Fig. 4, where we can see that after 50 iterations, the
difference between y50 and yd is almost invisible.
Furthermore, we consider the case with iteration-varying initial condition, namely, xk (0) = ϵk [1, 1, 1]T , k ∈ N with ϵk =
0.05 sin(k). The convergence of ∥ei ∥s is given in Fig. 5. It is seen that
after 50 iterations ∥ei ∥s cannot be reduced further, and the final
convergence bound is proportional to 0.05 which is the magnitude
of xk (0).
5.2. Simulations for ILC law (II)
This subsection will demonstrate the effectiveness of the proposed ILC scheme (II). Similar to Section 5.1, we select the learning
gain L = 0.5. Let m = 2 and xk (0) = [0, 0, 0]T , k ∈ N. Fig. 6 shows
the convergence of the maximal tracking error ∥ei ∥s . By comparing
with the ILC law in [19], we can see that the proposed ILC algorithm
(II) is able to expedite the convergence speed a hundredfold.
Moreover, Fig. 7 shows the comparison between the proposed
ILC schemes (I) and (II). It is found that the ILC (I) presents a
smoother tracking performance, while the ILC (II) wins by a faster
convergence speed. The reason is that the ILC (II) incorporates more

-1
-1.5
-2

5

10

15

20

25

30

35

40

45

50

Time (s)
Fig. 4. The system outputs at the 1st, 5th and 50th iterations. The reference yd is
given for comparison.

Fig. 5. The convergence of the maximal tracking error of ILC law (I) without identical
initial condition.

historic learning information into updating and expedites the convergence speed. However, utilizing some older control information
in the algorithm may lead to oscillation in tracking performance.
Therefore, which algorithm should be chosen is entirely dependent
on the control targets. If the identical initial condition is not satisfied, e.g. xk (0) = ϵk [1, 1, 1]T , k ∈ N, the ILC (16) still works well, as
shown in Fig. 8, by sacrificing the convergence accuracy.
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iteratively-moving-average operator. The convergence of the proposed learning schemes is analyzed according to the contraction
mapping methodology. Moreover, the efficiency of the proposed
ILC schemes are verified by numerical examples. Extension to nonlinear systems and design framework of ILC with other imperfect
learning conditions will be investigated in the next research phase.
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